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Abstract

Mogi-Yamakawa’s model (or Mogi’s model) has often been used to explain crustal deformation observed around
volcanoes. This model is based on an analytical solution derived by Yamakawa (1955), which only holds good under the
restricted condition that a small enough spherical pressure source exists at some depth within a semi-infinite
homogeneous elastic body. However, there have been hardly any quantitative investigations of the application limit of
this solution when a/D (a : radius of the sphere, D : depth of the sphere) increases. McTigue (1987) modified Yamakawa’s
solution so as to hold good even for large a/D. However, there have been no quantitative investigations of the application
limit when a/D increases for this solution either. Therefore, we created large a/D numerical models using the finite
element method (FEM) and found numerical solutions of surface deformation. Comparison with FE analyses clarified the
limits of application of these two analytical solutions. For example, the values of a/D that agree with FE analyses within
1% are 0.22 for Yamakawa’s solution and 0.45 for McTigue’s solution. These two analytical solutions may hold precisely
with smaller a/D values. However, the discrepancy between these two solutions and FE analysis gradually increases
when a/D exceeds these values. In contrast, if D and a are determined by applying Yamakawa’s solution to results of FE
analyses, D is found to be determined much shallower than the true value, while a is determined with relative precision.
Therefore, AV (volume change of the spherical pressure source) may also be estimated with relative precision.
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Fig. 1 Schematic illustration of Mogi-Yamakawa’s model (or
Mogi’s model). U. and U, indicate vertical and
horizontal displacements of the surface, respectively. D
and g indicate depth and radius of the spherical pressure
source, respectively. r is the distance between a surface
point and a point just above the center of the pressure
source. AP indicates pressure change at the pressure
source.
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Fig. 2 Ratio of McTigue’s solution to Yamakawa’s solution.

Radius a is varied from 0.1D to 0.9D. The ratio on U. of
the two solutions and that on U, are equivalent for each
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Fig. 3 Relationship between radius a and 7yxuer) (the distance
where U, of McTigue’s solution reaches its maximum). a
is varied from 0.01D to 0.99D. While a is small, »yixoer
is equal to ruuxymk) (the distance where U, of
Yamakawa’s solution reaches its maximum, 0.7071D ).
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U.pax to Unpax of McTigue’s solution, where U.y4y and
U,max indicate maximums of U, and U, , respectively).
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Fig. 5 Three-dimensional, 10-Node tetrahedral element used in
this finite element analysis (FEA). I, J, K and L are
nodes. M, N, O, P, Q and R are midside nodes. The shape
function of this element is represented by a quadratic
function.
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Table 1 D and a/D of each FE model analyzed in
this study. Radius a is fixed at lkm in
every FE model.

D (km] alD
10 0.1

5 0.2
3.33333 0.3
2.5 0.4

2 0.5
1.66667 0.6
1.42857 0.7
1.25 0.8
1.11111 0.9

(a=1km)

10'km

Fig. 6-1 Central part of “a/D=0.1 model”, an FE model where
radius a and depth D of the spherical pressure source
are 1km and 10km, respectively. Both radius (R) and
height (H) of the columnar FE model region are set to
700km in order to increase the precision of
calculation.

6 km

Fig. 6-2 Central part of “a/D=0.5 model”, an FE model where
radius @ and depth D of the spherical pressure source
are lkm and 2km, respectively. Both R and H of the
columnar FE model region are also set to 700km.
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a/D=0.1 (a=1km, D=10km)
R=H=700km

mm

§ — Yamakawa's solution Uz

£ o FEM Uz

qg’ 1 — Yamakawa'’s solution Ur ||
S Kﬁ FEM Ur

- ,PPoo8SeR

a 4

Distance r [km]

Fig. 7-1 Comparison of results of FEA of “a/D=0.1 model”
(a=1km and D=10km) and Yamakawa’s solution. The
horizontal axis (distance r) is shown as far as 30km.
The results of FEA are plotted at intervals of 500m,
including midside nodes, and are in agreement with
Yamakawa’s solution throughout the graph.

1.05
s 1.04
5 103 a/D=0.1 (a=1km, D=10km)
a R=H=700km
» 1.02
[
5 101
@
I 1 Yeooo.
s sessIIIIISIes
< 0.99
\ .
E 0.98 —e— Ur ratio
< 0.97 —e—Uz ratio
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5 0.96
o
0.95 \\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Distance r [km]

Fig. 7-2 Ratio of results of FEA of “a/D=0.1 model” to
Yamakawa’s solution. “U. ratio” means the ratio of
Uz(FEM) (UZ of FE models) to UZ(YMK) (UZ of
Yamakawa’s solution), and “U, ratio” means that of
U,. These ratios hold near 1 throughout the graph,
which indicates high precision of calculation.
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Fig. 8-1(a) Results of FEA of “a/D=0.3 model”. Yamakawa’s
solution and McTigue’s solution are also
indicated. The horizontal axis is normalized by D,
and the vertical axis by U.yuxoymgx) (U-may of
Yamakawa’s solution, equation (4)).
(b) Ratio of Yamakawa’s solution and McTigue’s
solution to results of FEA of “a/D=0.3 model”.
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TATIA VR BT HZEICLD ., {FED
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Table 2 Distance » where U.jx and U,y appear, values of Uy and Uy (normalized by U.puixvuk) » equation (4)), and ¢ (the ratio
of Upux to Unpax ) of Yamakawa’s solution, McTigue’s solution, and FE models.

D 7 of U,j4x point (normalized by D) r of U,y point (normalized by D)
“ Yamakawa McTigue FEM Yamakawa McTigue FEM
0.1 0 0 0 0.7071 0.7068 0.7034
0.2 0 0 0 0.7071 0.7050 0.7010
0.3 0 0 0 0.7071 0.7000 0.6983
0.4 0 0 0 0.7071 0.6909 0.6873
0.5 0 0 0 0.7071 0.6772 0.6697
0.6 0 0 0 0.7071 0.6595 0.6395
0.7 0 0 0 0.7071 0.6391 0.5865
0.8 0 0 0 0.7071 0.6180 0.5167
0.9 0 0 0 0.7071 0.5977 0.3903
/D U.yux (normalized by equation (4)) U,yax (normalized by equation (4))
Yamakawa McTigue FEM Yamakawa McTigue FEM
0.1 1 1.0010 1.0019 0.3849 0.3852 0.3852
0.2 1 1.0083 1.0083 0.3849 0.3869 0.3869
0.3 1 1.0279 1.0292 0.3849 0.3917 0.3918
0.4 1 1.0661 1.0725 0.3849 0.4011 0.4014
0.5 1 1.1291 1.1528 0.3849 0.4168 0.4185
0.6 1 1.2230 1.2981 0.3849 0.4406 0.4472
0.7 1 1.3542 1.5708 0.3849 0.4744 0.4967
0.8 1 1.5287 2.1594 0.3849 0.5201 0.5896
0.9 1 1.7528 3.9936 0.3849 0.5798 0.8203
/D & =U.max/! Urnax
Yamakawa McTigue FEM
0.1 2.5981 2.5991 2.6012
0.2 2.5981 2.6059 2.6058
0.3 2.5981 2.6241 2.6270
0.4 2.5981 2.6578 2.6720
0.5 2.5981 2.7089 2.7547
0.6 2.5981 2.7760 2.9025
0.7 2.5981 2.8547 3.1622
0.8 2.5981 2.9392 3.6625
0.9 2.5981 3.0232 4.8682
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Fig. 11 Ratio of U.jy of Yamakawa’s solution and McTigue’s
solution to that of FE models for each a/D.
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Table 3 Values of a/D where U.yx of Yamakawa’s solution
and McTigue’s solution become 0.99 to 0.90 times
that of the FE model. These values were determined
by applying a cubic spline function to values in

Fig.11.

Ratio to U. @D

el U.maxrm) U vaxover)
0.99 0.2216 0.4538
0.98 0.2853 0.4990
0.97 0.3068 0.5438
0.96 03411 0.5727
0.95 0.3668 0.5901
0.94 0.3868 0.6047
0.93 0.4051 0.6246
0.92 0.4250 0.6414
0.91 0.4426 0.6555
0.90 0.4582 0.6674
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Fig.12 3 LU Table4 IZ7R 7 (D \Z DWW TIEA FEET
D DT, FT. du [COWTIE a=1km THIEL),
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1.2

o
o

—B- Deot by Uz(rewy \E\:

Dest by U (FEM)

—o—  a, by Uzey)
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Aest by Ur(FEM)
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D and a determined by method of least square
(normalized)
o
[=2]
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a/D

Fig. 12 D and a determined by the method of least squares,
fitting Yamakawa’s solution to U.gzy and U,pew.
Only nearby data (r=1.5D) were used to determine
these values.
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Table 4 D and a determined by the method of least squares shown in Fig.12.

Values determined by method of least squares
D normalized by D normalized by a (=1km)
a
Doy bY Uzrem Doy by Upiremy Aesi bY Usppmy Aesi bY Uripemgy

0.1 0.9978 0.9985 0.9993 0.9992
0.2 0.9967 0.9966 1.0005 0.9995
0.3 0.9893 0.9891 1.0022 0.9986
0.4 0.9743 0.9738 1.0053 0.9966
0.5 0.9484 0.9474 1.0104 0.9925
0.6 0.9079 0.9062 1.0187 0.9858
0.7 0.8475 0.8450 1.0317 0.9754
0.8 0.7591 0.7562 1.0539 0.9598
0.9 0.6258 0.6232 1.0981 0.9368
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