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Abstract

Analytical solutions derived under very simplified conditions have been used to explain the crustal deformation
around volcanoes. One example is Yamakawa’s solution (Yamakawa, 1955), which represents surface deformation
caused by small enough spherical pressure source at some depth within a semi-infinite homogeneous elastic body.
However, such solutions do not exactly hold true in a real volcano, due to the volcanic edifices that project from the
earth’s surface, non-spherical pressure sources, inhomogeneous crustal structures, and so on. We use the finite element
method (FEM) to create numerical models of a volcano for investigating crustal deformation of a real volcano. The size
of the FE model or the setting of its boundary conditions will likely affect the precision of calculation for volcanic crustal
deformation. Therefore, we reproduced Mogi-Yamakawa’s model (or Mogi’s model) using FE models of various model
sizes and boundary conditions. We then quantitatively evaluated the influence of model size and boundary conditions on
the precision of calculation. The results are as follows. As the FE model becomes larger, the results of FE analysis
approach Yamakawa’s solution, which demonstrates an improved precision of calculation. However, the smallest
possible FE model is recommended so far as the necessary precision of calculation is ensured, because a large model
generally produces a large number of nodes which leads to an accelerative increase in calculation time. The boundary
condition of fixing bottom and side surfaces of an FE model completely is recommended because the changes in
precision of calculation with distance are similar for both vertical and horizontal displacements. The vertical and
horizontal sizes of the FE model remarkably affect the precision of calculation for vertical and horizontal displacements,

respectively.
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Fig. 1 Schematic illustration of Mogi-Yamakawa’s model (or
Mogi’s model). U. and U, indicate vertical and
horizontal displacements of the surface, respectively. D
and a indicate depth and radius of the spherical pressure
source, respectively. 7 is the distance between a surface
point and a point just above the center of the pressure
source. AP indicates pressure change at the pressure
source.
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Fig. 2 Relationship between distance » and displacement (U.
and U, ) of Yamakawa’s solution. The horizontal axis is
normalized by D, and the vertical axis is normalized by
U.max (the maximum of U,). U,y indicates the
maximum of U,.
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. BENOD D EOF ZIE x THEOZEN u 1Tk T
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+4u, L L, +4u,L,L, +4u,L L,
+ 4, L Ly +duy L, Ly + 4 LL, -(7)
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RFEIC X - THRL ST BB RS R L MR TN %
I T D, y FTIB LNz FHOEAIZHOWT S FH
ERIZ LTI T N D,
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DOERPFICFEE O T VA E 2 5, 7272, B

Fig. 3 Three-dimensional, 10-Node tetrahedral element used in
this finite element analysis (FEA). I, J, K and L are
nodes. M, N, O, P, Q and R are midside nodes. The shape
function of this element is represented by a quadratic
function.
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Fig. 4-2(a) Comparison of results of FEA of “15km model” and
Yamakawa’s solution. The results of FEA are plotted

== ._ 48 A, at intervals of 500m, including midside nodes. The
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Wiz, IREOETIIVEEIEO R B LN H ZIREITK fixed, so the displacements decrease to zero at that
point.

EL LB A ORISR EZ/RT, B, AT 5 FE
EFMIAT EEO 15km BV & [FEEO IR FRE T
NTHY, SHHRERGFIERETHZENAETH S
e, HEOHRILDOZD, AfETIELLFOET
DETIVICHOWT 14T NV EFERT 5,

—
~

}

Ratio (FEM .~ Yamakawa's solution)
o
g -

/

3.2.1 KRELETIHEEZETH%OHD FE
ETILOHE
R=H=30km |ZF%XE L 7= [30km EF /L | DM #H I

R=H=15km —e— Uz ratio \\

% Fig 51O, B, ZOETIADRA vV T ORE 04 ——Ur ratio

%, EFEO 15km TV EAER, BEREEOERED A v ¥ = 0.2

oA X% 100m FREE MK O A v > 24 A X% 1000m o

FREE L L7z, 2D FE €5 /L0 r=30km H 5 X TS 00 5 10 15
VB DOANE I ETH Y ZREE SN TNDHTZH, X Distance r [km]
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R=H=30km

>

—— Yamakawa’s solution Uz
o FEM Uz

—— Yamakawa's solution Ur

FEM Ur

Displacement [cm]

o
o
N

0 5 10 15 20 25 30
Distance r [km]

Fig. 5 Comparison of results of FEA of “30km model”
(R=H=30km) and Yamakawa’s solution. The point at
r=30km on the FE model is completely fixed, so the
displacements decrease to zero at that point. However,
remarkable improvement in precision of calculation is
recognized at r=15km when compared to the “15km
model” (see Fig.4-2(a)).
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Distance r [km]

Fig. 6 Comparison of results of FEA of “50km model”
(R=H=50km) and Yamakawa’s solution. The horizontal
axis (distance 7) is shown as far as 30km. Some
improvement in precision of calculation is recognized
when compared to the “30km model” (see Fig.5).
However, the result of FEA does not agree with
Yamakawa’s solution so well.
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Fig. 7-1(a) Comparison of results of FEA of “150km model”
(R=H=150km) and Yamakawa’s solution. The
horizontal axis (distance r) is shown as far as 30km.
The results of the FEA indicate agreement with
Yamakawa’s solution throughout the graph.
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Fig. 7-1(b) U. and U, ratios of the “150km model”.
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Fig. 7-2(a) Whole exterior of the “150km model”.

Fig. 7-2(b) Central part of the “150km model”. Radius a and
depth D of the spherical pressure source are 1km and
10km, respectively.
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Fig. 8-1 U. and U, ratios at some points on various FE models
when R and H are changed from 12km to 200km. The
U. ratios at r=0km, 10km, 20km and 30km are
indicated, as well as the U, ratios at ¥=7.071km, 10km,
20km and 30km. Radius a and depth D of the spherical
pressure source are fixed at lkm and 10km,
respectively. Ratios approach 1 with the increase of R
and H, which indicates improved precision of
calculation.
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Fig. 8-2 U. and U, ratios at some points on various FE models
when R and H are enlarged to 1000km. Further
improvement in precision of calculation is seen.
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Fig. 9 Ratio of ryuxrey (the distance where U, of FE models
reaches its maximum) to 7yuxyux) (the distance where U,
of Yamakawa’s solution reaches its maximum,
7.071km). Each ruyuxrewy was determined by
interpolating tool of ANSYS using the quadratic shape
function.
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1%UNT—EHT 2 L 912720 | HEAITH 0.5%D K5
T Fuaxeymg) —%3 5, B, Urpa WCOWTE, W
FTNOETILTH IO & FEIC r=0km (ERIE IR
HE) THRREEZIS,

4. FEETILOHRLBILEHEREDTF LD
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RERIENNREZ AW CHEZED TEX 2N, FEET /LT

IIBEDOUREEHLOODETFABKRDORE S EZT-
WA RPN 5 W N2 7= 8, D 28 10km LAk FE &
TAZOWTH, Jifi CHR7Z D=10km D% FE €7 /b
DIFNTFER D E ORI EE LMD Z LN TE D,
HikBI 22T 5L, DBI W azThTh, ZhE
TORET VD 1/2 O Skm B IO 0.5km (23 D & [AIKF
(2 FAEET VO RB LD H &Rk o [150km &
V| (D=10km, a=1km) @ 1/2 ® 75km & L7z FE
TNV EAER LU TRNTZ1T 5 &, Bl Z1E r=15km His
TO UL, 150km EF /LD r=30km #5TO U,k
0916 L% L< 725, R, oS To U e U,
et 150km £ 7V EO3IGT DA (r 23 2 {5 O R)
TOMIZ—HLTEY ., > THELAIZ L Y N2> T
Do HOHWVFHIZ, DBX N a 2ENENZINETD
FZETIAO 2450 20km B LD 2km (2T 5 42, R
BIOH#% 150km EF /LD 2 /%0 300km & L7~ FE &
FTADEE S, B2 1E r=60km HI A TO U, LLIZ<013 0
0916 L7225, 728, ZNDHOMBIRINENLT 2 Z L%
MR+ B 7= LR 2D FE =7 V2R L7-FS. &
FNEED A v 2 A RTRFEICTO 150km £ T /L

Table 1 U, ratio and U, ratio at some points on various FE models when R and H are changed from 1.2D to 100D.
U, ratio U, ratio
Rand H

r=0 r=D r=2D r=3D r=0.7071D r=D r=2D r=3D

1.2D 1.6398 0.7397 - - 1.1467 0.7175 - -

1.3D 1.4529 0.9089 - - 1.0690 0.7948 - -

1.4D 1.3196 0.9901 - - 1.0081 0.8194 - -

1.5D 1.2278 1.0272 - - 0.9688 0.8293 - -

2D 1.0418 1.0093 0 - 0.9234 0.8639 0 -

2.5D 0.9979 0.9694 0.6967 - 0.9396 0.9028 0.5364 -

3D 0.9855 0.9536 0.7995 0 0.9564 0.9317 0.7080 0
3.5D 0.9830 0.9497 0.8231 0.5643 0.9686 0.9509 0.8000 0.4022
4D 0.9833 0.9513 0.8353 0.6497 0.9769 0.9639 0.8562 0.5852
4.5D 0.9846 0.9548 0.8470 0.6748 0.9826 0.9727 0.8929 0.6966
5D 0.9861 0.9588 0.8589 0.6908 0.9866 0.9788 0.9179 0.7704
6D 0.9891 0.9663 0.8816 0.7243 0.9916 0.9865 0.9484 0.8582
7D 0.9914 0.9724 0.9011 0.7598 0.9943 0.9908 0.9652 0.9059
8D 0.9932 0.9772 0.9168 0.7924 0.9961 0.9934 0.9751 0.9339
9D 0.9946 0.9809 0.9295 0.8205 0.9972 0.9951 0.9815 0.9516
10D 0.9957 0.9837 0.9394 0.8442 0.9979 0.9962 0.9857 0.9633
11D 0.9965 0.9859 0.9476 0.8643 0.9984 0.9969 0.9885 0.9714
12D 0.9972 0.9878 0.9543 0.8805 0.9987 0.9975 0.9906 0.9772
13D 0.9977 0.9893 0.9596 0.8944 0.9990 0.9979 0.9921 0.9813
14D 0.9982 0.9905 0.9639 0.9056 0.9993 0.9982 0.9932 0.9843
15D 0.9986 0.9916 0.9677 0.9156 0.9995 0.9985 0.9941 0.9867
16D 0.9991 0.9926 0.9704 0.9230 0.9998 0.9989 0.9948 0.9884
17D 0.9995 0.9934 0.9731 0.9303 0.9999 0.9991 0.9952 0.9897
18D 0.9997 0.9940 0.9753 0.9363 1.0000 0.9992 0.9956 0.9908
19D 1.0001 0.9948 0.9767 0.9402 1.0003 0.9995 0.9961 0.9914
20D 1.0004 0.9952 0.9784 0.9450 1.0004 0.9996 0.9963 0.9922
30D 1.0012 0.9976 0.9879 0.9711 1.0006 0.9999 0.9975 0.9956
40D 1.0016 0.9985 0.9914 0.9809 1.0006 1.0000 0.9978 0.9964
50D 1.0017 0.9990 0.9931 0.9857 1.0006 1.0000 0.9979 0.9967
60D 1.0018 0.9992 0.9940 0.9883 1.0006 1.0000 0.9979 0.9969
70D 1.0019 0.9993 0.9946 0.9899 1.0006 1.0000 0.9980 0.9969
80D 1.0019 0.9994 0.9950 0.9910 1.0007 1.0000 0.9980 0.9970
90D 1.0019 0.9995 0.9953 0.9917 1.0007 1.0000 0.9980 0.9970
100D 1.0019 0.9995 0.9954 0.9921 1.0007 1.0000 0.9980 0.9970
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Fig. 10-1 U, and U, ratios when four different types of boundary
conditions are set at the side surface of the “50km
model” (R=H=50km). The bottom surface of the FE
model is completely fixed.
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Fig. 10-3 Ratio of “U. ratio” to “U, ratio” for four boundary
conditions. Boundary condition (D (all fixed) is
nearest to 1 among the four conditions, indicating
that the changes of the U, and U, ratios are the most
similar among the four conditions.
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Fig. 11 U, and U, ratios at some points when # is fixed at 150km and R is changed
from 12km to 150km (D=10km, a=1km). Those in case of R=H are also

indicated on the graph.
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Fig. 12 U. and U, ratios at some points when R is fixed at 150km and H is changed
from 12km to 150km (D=10km, a=1km). Those in case of R=H are also

indicated on the graph.
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