0. Governing equations in the continuous form*

0.1 The vertical coordinate

The vertical coordinate adopted in the o=-—1 P=Pt

model is a combination of the o-coordinate

and the pressure coordinate. The o-

coordinate is used below the level p=pi (see

Fig.0.1), while p-coordinate above that —M\

o=
level. The vertical coordinate is defined as /\_

_b=p 0.1
g T 0. o= 7. P=Ps
- f
T= Ps—pr for p2pr 0.2) Fig. 0.1 The vertical coordinate ¢ adopted in
pi—p: for p<pi : the MRI - GCM-L p is pressure. The
where ps and p. are the pressures at the ~ lower surface is a coordinate surface.
lower (surface) and the upper (top) Above the level p=p;, o-surface

coincides with a pressure surface.
boundaries of the model, respectively.

Therefore o=—1,0, 1 at p=p:, P, Ps. As 7 is constant above the level p=py, the ¢ coordinate
defined by Eq.(0.1) is nothing but the normalized p-coordinate.

From (0.1), the individual time derivative of pressure, @, is given by
_dp_ * or
w:a—ﬂ6+6'(§+ veV7) . (03)

where &:dcr/dt, v is the horizontal velocity and V is the horizontal gradient operator. From
0.2), @ =170 for ¢<0.
In the o-coordinate, the earth’s surface is a coordinate surface as well as a material

surface. The kinematical boundary condition at the earth’s surface is therefore

6=0 ato=1 (0.4)
At the top of the model, we assume that no air parcels cross the top boundary.
Thus,

w=n0=0 at c=—1. (0.5)
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0.2 The equation of state
We consider that the model atmosphere is assumed to be a perfect gas.
Thus
a=RT/p (0.6)
where « is the specific volume, T is the temperature, and R is the gas constant. We do not
distinguish R from that of dry air except when we consider buoyancy fluxes due to sub-grid

scale turbulence and cumulus convection.

0.3 The hydrostatic equation

The hydrostatic equation in p-coordinate, g—‘f): —a, is written as

0¢ = — mado . : - (0.7
with use of the identity dp=ads, where & is the differential under constant horizontal
coordinate and time. ¢ is the geopotential (=gz), g is the acceleration of gravity and z is
height.

The form (0.7) may be transformed into the following equivalent forms;

6¢ =—RTdlnp ' 0.8)
= —cpf8(p/po ) 0.9)
=20 5(p/p)- . 0.10)

) |
8 po)= —(noa — $)oc (0.11)

¢, is the specific heat at constant pressure, x =R/c, and 4 is the potential temperature, T(p/

po)~*, where py is a standard pressure.

0.4 Equation of continuity

The equation of continuity in p-coordinate is

w29 0.12
va+ap—0 - (0.12)

where V, means V operation on the constant p-surface. V, is relvated to Vs as

=

V= Vot Vpol Vg—gVn—— (0.13)

—a—(7:

With the use of (0.13) and (0.3), (0.12) reduces to
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(Vg‘v

)+ [7m'+o'(at+v V)z]=0
and finally to
at+va (7zv)—l——(7m‘) (0.14)

Integrating (0.14) with respect to ¢ from o¢=—1 to o, we obtain

[* Zdotno=— [ v-(zvido (0.15)
With the use of the definition of 7z, (0.15) gives

zo=— [ Ve(zvMdo for 6< 0 0.16)

cQRtao=—[* V-(zvide for o> 0 _ 0.17)

From (0.17), we obtain

= — [ ve(av)do (0.18)

as &zO at o=1.

0.5 Momentum equation

The pressure gradient force in p-coordinate, —V,¢, is transformed into

Vb=~ Vep + 29222 =~ V.4 —cavn (0.19)

where use has been made of (0.13) and (0.7). Then the horizontal component of the equation

of motion becomes

gt+kav+va¢+o‘afV7t F | (0.20)
where

d_,a _ <3 01

dt—(aet)6+v-v,+655 (0.21)

f is the vertical component of Coriolis vector (=2Qsing, £ is the angular velocity of the earth,
@ is latitude), k is the vertical unit vector, and F is the frictional force. Multiplying = and v
to (0.20) and (0.14) respectively and adding them, we obtain the flux form of the equation of

motion
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d o, *

(5?) . (7zv)+Va°(7tV)+ah6(7z6V)+fk X aV+V o (nd)+ (moa — $)Vx

=zF (0.22)
or with the help of (0.11)

(20) o TN+ Vo (a0)+ 2 (20V) + Tk X 27+ 9 o(2) ~ 220Dy

=zF 0.23)
0.6 Thermodynamic equation

The first law of thermodynamics is written as
Cp%rg= wa+Q 0.24)

where Q is the heating rate per unit mass. Multiplying = and ¢, T to (0.24) and (0.14)

respectively and adding them, the flux form

o 0, °

gg(ncp’l‘)—k A (nvcpT)+§_(7zocpT)= r(wa +Q) (0.25)
is derived. Substitution of (0.3) into (0.25) gives us the form,

(ncpT)+Vu (e, T)+(p/po) 5, (mfcpﬁ)

=zc, Taln(p/po) 0

on +V°V)7t+ 7zQ (0.26)

0.7 The continuity equation of water vapor and ozone
Let q be the mixing ratio of either water vapor or ozone. The continuity equation of g

is written by

da_

Ot =S (0.27)
where S is the source of q. The flux form of q is

(2). () + V(v + S (mr) =2 0.28)
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