. 551.515.11
Static Stability Adjustment -of an

Adiabatic Quasi-nonlinear Model

by

S. Matsumoto

Meteorological Research Institute, Tokyo
(Received Feburary 28, 1966)

Abstract

An energy conserving atmospheric model is obtained by introducing
the changes in the general field due to non-linear interaction of a dis-
turbance which is governed by a linearized system of equations.
Numerical integrations are made on meso-scale disturbances.

This model is characterized by the stafic stability change caused by
non-linear heat transport, which in turn determines the life cycle in the
growth of disturbances.

1. Introduction

As is well known, the static stability parameter is kept constant for geostrophic
models and the averaged temperature field consequently cannot be changed. The
static stability is undoubtedly one of the most important parameters for the atmos-
pheric processes both of large and small scales since it determines the growth of
disturbances which has the primary importance either in the general circulation or
the convection.

Generally speaking, the disturbance of instability increases its kinetic energy.
Therefore the wa term has essentially a negative value. It should be remarked that
the negative value of wa shows the vertical heat transport as well as the energy
transformation from potential to kinetic energy. The vertical heat transport has an
effect to stabilize the stratification: Lorenz (1957) proposed the notion of gross static
stability and discussed the static stability change in relation to the energy change.

The static stability change, which has not been considered in quasigeostrophic
models, has an important effect on the instability problems in the mechanism of the
atmosphere. :

2. An energy conserving quasi-nonlinear system

Let us consider two-dimensional motion in (x, p) plane in a hydrostatic atmosphere

u=U(p, O)+u'(x, p, 1),
v=0'(x, p, D),
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Q):w,(x’ P: t):
a=a(y, p, )+ (x, p, 1),

where #, v are the horizontal velocity components, ® the vertical p-velocity and « the
specific volume respectively. U is the zonal mean flow and « is the zonal mean
specific volume which is proportional to the zonal mean temperature. The zonally
averaged field is indicated either by capital letters or bars, and perturbation quan-
tities are indicated by primes which we will be able to omit in the following dis-
cussions without confusion.

Linearizing the equation of continuity, the equation of motion and the adiabatic
equation, we obtain
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where ¢ is the geopotential and ¢ the static stability given by
70l B = peor e (@)

@ is the potential temperature and r=(R/c,)=0.286. On the other hand, we have the
zonal mean equations
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showing that the vertical flux divergence of momentum and heat has an effect to
change the zonal flow and the temperature field respectively. The temperature
change is related to the static stability change since we have from eq. (7)

’ aE — K= iz._
(7) ———p ! apz

ot
which shows that the static stability does change as a consequence of vertical heat
transfer. These equations are not considered in the ordinary linearized models, since
the system of equations (1)~ (5) makes a complete system. However, by incorporat-
ing the nonlinear equations (6) and (7) to the linear system we can take into con-

(p*™*wa),
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sideration the important role of baroclinic instability andfor static stability in a
simplified manner. This system is to be called “quasi-nonlinear model” because
only the nonlinear effect on the general flow is taken into consideration among the
nonlinear interactions of disturbances. PumLips (1954) discussed the general circula-
tion by employing a similar technique without feedback mechanism.

It can easily be shown that the equations (1)~ (5) together with (6) and (7) con-
struct an energy conserving system. Assuming that o vanishes at the top and the
bottom of the atmosphere (0=0 at p=p, and p=0), we obtain
oK’ ro__ U bo__
==\ =\ e dp

0

)

from linearized perturbation equation of motion, and
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from zonal mean equations. K and K’ are the total kinetic energy of meam flow and
perturbation. Combining (8), (9) and (10) we finally obtain

e )22 R—
(1) %<K + K’+S ", T dp>:0,
0

which shows that the summation of kinetic energy and total potential energy con-
serves.

3. Numerical integrations

The system of equations (1)~ (7)" can be solved numerically under a given
boundary condition and initial condition. Since the system is essentially linear except
that the static stability and the general flow can change under the nonlinear interac-
tion of a linear perturbation, a single harmonic wave disturbance with the wave length
of L is considered in a shear flow without losing generality.

Let us consider that an unbalanced pressure disturbance is given initially in a
slightly unstable atmosphere. Fig. 1 shows the initial stratification to be used for
integrations. The integration was performed for various wave lengths ranging
from 25km to 400 km by means of 3-layer representation.

In Fig. 2 are shown the time changes of amplitude of vertical velocity to indicate
the growth of disturbances. It is clearly seen that the growth of each disturbance
has a life time which becomes longer if the wave length is longer and that the
maximum growth becomes smaller for longer wave disturbances. The life times
shown in Fig. 2 seem to coincide very well with the experimental facts observed in
the meso-scale disturbances. Sensuu (1961) shows in his study on a meso-scale dis-
turbance observed over Western Japan that the life time of the disturbance with a
wave length of 100 km was about 8 hrs.
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Fig. 1. The vertical temperature distribution which
is employed for the initial condition of three-
Jlevel model integration.l Thinner lines are
adiabats.
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Fig. 2. The growth of disturbances with various wave lengths as a

function of time. The ordinate is the amplitude of vertical
velocity. '
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We can also find good agreements between the observation and model experi-
ments in phase relationship and phase velocity. Fig. 3 gives an example of life
history of pressure disturbance and vertical velocity. It is seen that the maximum
upward velocity is found a quarter of wave length behind of the minimum pressure.
If we assume that the precipitation is located within the area of upward motion,
SeENsHU’s (1961) and the authors’ (1965) analysis reveal the same situation. Those
circumstances undoubtedly are to be characterized as a kinematical structure of
gravity waves in case of a slowly moving fluid whose substantial velocity is smaller

than the phase velocity. Fig. 4. is quoted after SEnsuu (1961) for the sake of com-
parison.

It should be pointed out that the upward heat transport originating in a less
stable atmosphere has an effect to eliminate the instability, while the downward heat
transport in the stable stratification has an effect of destabilizing the layer. The
~ stability change and the amplitude change of vertical motion as a measure of kinetic
energy is given on Fig. 5 which shows a good coincidence between the two.

ihr —— pressure height (m)

----- vertical velocity (cm sec™')
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Fig. 3. The life cycle of a disturbance with a wave length of 100 km. The
pressure height (full lines) and the vertical velocity (broken lines) dis-
tribution is given at every 1hr interval.
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Fig. 4. An example of meso-scale disturbances. Isotherms are gi\}en by heavier
lines and the rainfall area is hatched. (After Senshu, 1961)
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Fig. 5. The time change of the amplitude of vertical velocity (full line) and the
static stability (broken line) for a disturbance with a wave length of 100 km.
4, Further simplification on the concept of quasi-nonlinear stability change

Let us further simplify our model to the two-level barotropic atmosphere as
follows.
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2
(12) = —~—m2 a,
(13) a=—gw,
(14) s=nao,

where m=(2r/L) and n=(1/4p) represent the horizontal and vertical scale, i.e. wave
length L and pressure depth of a layer, and the dots denote the operator 8/a¢-- U (d/ox).
Eq. (12) is the equation of motion, eq. (13) the reversible adiabatic equation and 14)
shows the static stability change due to quasi-nonlinear vertical heat transfer.

Denoting C=wr, W=w2/2 and A=az/2, we obtain

(15) C=ma2 4 20w,
- n

(16) W —izzic,

1 A=—qC,

a8) o=nC.

As is easily seen, (#?/m?) W is equivalent to the perturbation kinetic energy K’, and
Alo is the available potential energy. It is seen from eqgs. (16) and (17) that C
measures the energy conversion from kinetic to potential energy if the stratification
of the mean field is stable (¢<0).

It should be noted from eq. (15) that the upward heat transport is intensified as
long as the available potential energy is larger than the kinetic energy (A-+ocK’>0).
The increased upward heat transport (C< 0), on the other hand, makes the stratifica-
tion much stabler and converts the available potential energy into kinetic energy.
Therefore the direction of heat transfer could be altered after a certain degree of
development is achieved.

We can easily obtain the equation of static stability after a simple elimination

‘ G 6m? .
(19) <_b_">= n ag,
and similarly
(20) (I—Ig =—6m2K.

The approximate solution of (20) is obtained by applying Taylor’s series expansion
with respect to time. Let us consider that a pressure disturbance is given initially
in a calm and less stable atmosphere. Denoting the initial condition by subscript 0,
we assume

0'0=K0=Cg=0-
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The prime indicating the perturbation kinetic energy is omitted without confusion.
Then we have

K0=KOI =O:
K0H=

K=K V= K,V=0,

K= —18 m? (K, 1) 2=

.................................

where the superscripts indicate the order of differentiation with respect to the time.
Therefore we obtain

@1) K= (%KOH LR )

720
where ¢ is the time. Let us define the life time 7 as a time in which the kinetic
energy has approximately the initial value again. Eq. (21) gives

Kyt n?

=10

(22) T*=—360 R0 A,

Similarly the value of the kinetic energy in its full development is approximated

(23) Kooy ~1. 2%{1_0.

Since the static stability changes proportionally to the kinetic energy change as is
shown from egs. (16) and (18) and is also seen in Fig. 5, we have

(23)/ Omax=—N*Kmax=—1.2n «/E
We, then, finally obtain the approximate expression giving the life time

L
&Y T e R
by combining eqs. (22) and (23). It is shown that the life time of a disturbance is
proportional to its scale.

References

Lorenz, E., 1957 : Static stability and atmospheric energy. Sci. Report No. 9, General Circula-
tion Project, M.I.T. 41.

MATSUVIOTO, S. and K. NinoMiva, 1965 Meso-scale disturbance observed in the vicinity of a
cold vortex center. Pap. Met, Geophys., 16, 9-22,

Pminnies, N.A., 1954 : Energy transformations and meridional circulations associated with Slmple
baroclinic waves in a two-level, quasigeostrophic model. Tellus, 6, 273-286.

Sexsau, T., 1961: Analysis of a meso-scale dlsturbance on 30 Jan. 1955 in western Japan. J.
Met. Soc. Japan, Ser. II, 39, 59-81.



1966 Static stability adjustment of an adiabatic quasi-nonlinear model 9

WiREIEREE 7ILIC & B MARE ER
G

FAFERCEFRINSEELOEGATH CHEABB BT BT L2BALT, =51 F—REROK
KETFANBREDTLNTED, TREPHRBEEILICH T D TRIER S %1178 - 72,

ZoEFAOERRIERMOBEERMXC L VB NENEZEESENT ST L ThHY, 0D ELD
FEDTA TV I VRRD D NS,



