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Abstract

The behaviour of the truncation errors in the numerical predic-
tion using grid points, is discussed taking into account the scale of
the perturbations.

When we forecast by the ordinary numerical prediction method
the path of the relatively small cyclone such as the typhoon, the
velocity of the center is known to become smaller than the observed
value. We conclude that this fact can be explained by the behaviour
of the truncation errors.

1. Introduction

In numerical weather prediction the vorticity equation is used in a finite
difference form, and the behaviour of the truncation errors gives rise to discus-
sion. So far as the largescale perturbations are concerned, the truncation errors
are unimportant, but when we deal with relatively small-scale perturbations, they
can’t be ignored. For instance, in forecasting the path of the relatively small-
scale cyclone such as the typhoon by the ordinary numerical prediction, the
velocity ot the center of the cyclone is known to be smaller than the observed
value (ItToo and Masupa, 1957). In order to explain this point, when the motion
is regarded as consisting of circular perturbation on a uniform current, we com-
pared the solutions of the vorticity equation obtained by use of the finite difference
method with analytically exact solutions. Further, by applying the method with
which Froun and collaborators (1953) discussed the behaviour of truncation errors,
it may be concluded that the above fact can be explained by the behaviour of
truncation errors.

2. General consideration
We assume that the isobaric height distribution Z may be expressed as follows:
(1) Z=a,+ ni}l(a,, cos %x+bn sin %iy)

where «a, and b, are functions of y, and x and y are cartesian coordinates. Then

the y-component v of the wind velocity becomes

_g 0z _ginm( o nm nx
2) V= o _fngl' p ( aysin—_~x+b,cos—_ y).
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If we use Z(x+d) ;Z(x—d) in place of 5, then (2) becomes
nr g

@ =4 ]fﬂ 7

where [g—f]: Z@+d) ;Z(x—d)

. nm nw
< a, sin —(fx—{—b,, cos ~a—x),

, and d is a gridsize.

sin 2% g n

—d‘<—a—, each term of (3) is the same form with (2) and
the amplitude of each term of (3) is smaller than that of (2).
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Z
——, only when
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On the other hand, if » is sufficiently large for a fixed magnitude of d, we

can not regard (4) as correct. Therefore when we use (3), we must take adequate
N such that

— d“ = 1T (n=<N)

and consider the first N terms of (2) and (3).
(4), we consider Z to be expressed as follows :

In order to discuss the condition
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aZJ Z(x+d)—Z(x—d)

(a) the case of [ Tx 2d

If we may regard ¢ =1, we can use

Y/
[—37 in place of Ay
the relation between ¢ and the wave-

length L. As may be seen from this

oz
figure, we can use [*] instead of s

Fig. 1 shows

and d=300km. (b) the case of [gf ]
8(Z(x+d)— Z(x—d)—(Z(x+2d)—Z(x—2d))

12d
and d=300km. (c) the case of [ ZZ]
= Z(x+d)2—dZ(x 9 and d=150 km.
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by the error less than 20% when the wave
sideration as above, we shall discuss how

-length L > 6d. From the same
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con-

(727] = Za+d, ) +Zx—d, )+ Z(x, y+d) +Z(x, y—d) —4Z(x, ¥)

dz
may be used in place of
nry, L | BZ
VZ=gotm -
Let
. 2 . 2=m
7 = = “r
(7 A AsmLxsm EL
then
2 4 21 27 .
(8) I7~Z~—< 77T 52 )Asm —7 ¥ sin D”y
9) VrezZlj=— v (2 COSTd cos ZD )A sinzTﬁx Sin%y.

(8) and (9) differ only in amplitude and have the same form in x and ».

bt 2—cosﬁ—cos 2r
(10) P AW m n
mn ez ZEZ(L_;_L) s
m? - n?
where 2
Gn = (V221 _ 2= cosZE—cosAR

L=md and D=nd.

Then if we may regard o,,=1, we
can use [F?Z] in place of F2Z. Fig. 2
shows the relations between ¢,, and
the wave-numbers. As may be seen
from this figure, when L and D are
larger than 4d, the truncation errors
are less than 20%. And the amplitude
of [F2Z] is always smaller than that of
r2Z. Conversely we shall consider the

poisson equation as follows :
. 2m . 2x
2¢)y — bl T
(11) V2= A sin I rsinpy,

Writing this equation in a difference
form,

(12)

In this case, the solution of (12) is larger i
Next, the barotropic vorticity equation

270 (e + 75)
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Fig. 2. The relation between the wave-
numbers and
(72Z) 2—C0s 2x{m —cos 2x[n
Cmn=""prz T 2m2(1/m? + 1/n%)  ’

for Z=A sin%?x sin%y where L=md
and D=nd.

[72¢) = Asm L ——x sin Dy

n amplitude than that of (11).
may be written
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(13)
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where
J(4, B)=
We shall estimate the truncation errors in calculating J(F?Z, Z)

Let the height Z be given as follows
Z= f} A,..sin %x sin——y,
m, n=1
then
JVZ, Z) = f} 1](A,,,,, sin ——x sin —"dzy, Ay sin——x sin l—y).
ol e
And therefore we shall discuss the truncation errors in computation of J(F?Z,, Z,)
where ‘
Zi=A sin%x sin ZTﬂy,
Z,=Bsin %}T—x sin any,
Calculating J(F?Z,, Z,)
2
SR (AP ARES G VY
{ 1 . 2z 2n 27:
X\ LT S % Cos - rxsin N VY €os Y
2n 27 cos 2% }

- KlN sin—i%xcosfxsm 7 Y cos Y

If we assume [J(P?Z,, Z,)] to be value of J(F?Z,, Z,) calculated using gridsize 4

then
15 JZ, Z)1=—25(2-cos 22-d—cos 2E-d)AB
. 2r . 27
X{sdesm—Md 0 2% 2 cos 2 p gin 2T 2
7 in—% 7 Sin—3ry cos—-y
. 2z . 2w
— SlanSlan in" cos~2—xsm—— COS—5+ 2n
& SIN3r K LY NY }
Let 7 be a ratio of the first term of (15) to that of (14), then
2 sin sinzﬁﬂd(Z cos 2F-d—cos ZZd)
472 [ 42 477:2 ’
TS RS

(16)
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Fig. 3 shows the relation

. between y and the wave-length

when K=L and d=300km. In

this case the truncation errors

are larger than in the case of

Fig. 1 and less than 20% when
the wave-length L>8d.

3. Numerical prediction of
the path of the typhoon

According to the study of
IToo and Masupa (1957), when
the path of the typhoon is
forecasted by the ordinary
numerical prediction method,
the velocity of the center is
smaller than the observed
value.
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r= ZusinZ g sin 2L o ( 2- cos £¥d- cos 3T ) i

d =300 km
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Fig. 3. The relation between

3 2/d* sin z%d sin %d(z—-cos gKEd—cos zLid)
= 472 | LM (4z?| K2+ 4x2]L2)
and the wave length when K=L and d=300 km.

In order to clarify this point, we shall discuss in this section the move-

ment of the circular disturbance on a uniform current and the truncation errors

in this case.

Assuming that the motion is regarded as consisting of circular

disturbance on a uniform current, an initial height distribution Z; may be written

as follows:

a7

ZO=C—%Uy+F(r),

where C=const, U=uniform velocity and F(») is a function of #=+/x23?. Then
the solution of the barotropic vorticity equation (13) becomes

(18)

Z=C—{g—Uy+F(«/ (x—ct)?+¥2).

On the other hand, above Z there is the following relation :

j(§722+ 5, 2)=- Uaiwa.

And therefore (13) may be written

so that

(19)

The solution of (19) becomes

(20)

0 _ 0 iy
WVZF__UWV F.

F=F(J(x—=UbD*+9%)

Namely, the initial pattern moves without changing the shape with the same
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velocity as the uniform flow. Then we shall replace (19) with a difference equa-
tion using a gridsize d. We assume F(r) to be given by the following :
r2

(21) Py == (i o),

Km
P [4 300 600 900 1200 1500

-~

L 200

L 400

L s00

-144

L 000 ft
. 5 r2
Fig. 4. Full line is the distribution of F(r):—7(3'1\2+e‘ﬁ) when
4=1,000 ft, /=200 km, L=500km and #{=0. Dashed line is the distribu-
tion of F(r) in {=12hr calculated by 12 time steps of 4f=1hr. Point
C shows the location of the center of the exact solution in #=12 hr.

In Fig. 4, the full line shows the distribution (21) when §=1,000 ft, /=200 km
and L=500km. We shall calculate on y=0 only and use F(x) in place of F(7).
Fx+d)—F(x—d)

57 instead

In order to solve (19) using grid points, we calculate
of % where d is a gridsize of 300 km and put

B ieai= (B ot () b= () g EEHD ZEE) 4y

Thus the distribution of F in #=4¢ can be obtained. Next the distribution of F

in t=24t, 34¢, --------- can be obtained as follows :
- o
(F) pman= () ot 24 )
o

(F) mssi= (F) w2457

t=24t

In Fig. 4, the dashed line shows the distributions of F in f=12hr when in the
above method we put 4¢=1, and point C is the location of the center of the exact
solution of (19) when ¢=12hr. As may be seen from this figure, the velocity of
the center when we used grid points is smaller than the actual velocity.

Next, if we expand (21) into a double fourier series in —a=x=ga and put
y=0, we have (assuming wave number =3)

(22) F(x) =—101—-187 cos%x—Ml COS %’r‘x—% cos %x,
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600 ft

Fig. 5. Full line is the distribution of the stream function ¢ (#) in £=0. Dashed
line is the distribution of & () in #=12hr calculated by 12 time steps ot
4t=1hr. Chain line is the distribution of ¢ () in ¢=12 hr calculated by 12
time steps of 4f=1hr when (34) was used. Point C shows the location of
the center of the exact solution in #=12 hr.

where ¢=2,400km. In Fig. 6, the full line shows the distribution of F(x) given
by (22) and the dashed line shows the distribution of F in #=12hr, calculated using
grid points as above. In this case the velocity of the center of F is the nearly
exact value. It may be considered that in this case the truncation errors are
removed because the relatively small scale wave is cut out.

Next we shall use a stream function ¢ instead of the height Z. In the case
of the axial symmetric pattern the relation between the stream function ¢ and
the height Z can be given by the so-called gradient wind equation

dp\e, . d¢  dZ
(?zr) I g =8 gy

- Am
o 300 60‘0 goo /20[0 /5(20
" f n

4#00

600 f¢
Fig. 6. Full line is the distribution of
3
F(x)=-—101-—187 cos%x—lzll cos—zalx—94 cos%x in £=0. Dashed
line is the distribution of F(x) in /=12 hr calculated by 12 time
steps of 4¢=1hr. Point C shows the location of the center of the
exact solution in £=12 hr.

In Fig. 5, the full line shows the distribution of the stream function ¢ for
the height Z given by (21) and the dashed line shows the distribution of ¢ in f=12 hr
calculated using grid point, for the initial pattern. In this case the velocity
of the center is about 50% of the actual value. Thus it may be considered that
in numerical prediction the calculated velocity of the typhoon becomes smaller
than the observed value due to the truncation errors. In order to clarify this
point, in the next section we shall discuss the truncation errors of the solution
of (19) in the case of the sinusoidal perturbation of various wave-length.
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4. The behaviour of truncation errors when the solutions are sine waves

If we put
' t=mdt, x=ndx
(23) F(t, x) =F(mdt, ndx) =F,,  (m, n=0, £1, £2,----)

then (19) becomes, writing in finite difference form,

Fm+ln_Fm-—1 n
24t

Enn+1 _an—l

4
@4 24x ’

=-U
where we use central finite differences. We assume

. 2%
(25) F‘mnerz—L—(nAx—Cmdt),

and if this is substituted into (24) and keep in good shape, the relation between
the wave velocity ¢ and the wave length L may be obtained as follows.:

(26) sin(ﬁzl—cdo = U% sin (—ZLLAJO
Now we put
@7 a= U—j—i sin (%,f—dx).

Thus when |a#|<1, we obtain the real velocity c¢ as follows :
28) C=5Lsinta.

On the other hand when |a]>1, ¢ being a complex quantity c=c,+ic; results
from (26)

(29) C,= 4":1 —ALT (n=0, +1, £2,--)
(30) Ci=2—7‘:2’lrcosh—1\al.

Thus when |a|=1
(31) F=Agi i (nae-Cman>,

where ¢ is given by (28). On the other hand when |a|>1

2%Ci 2z
(32) F=Ae T m4t gi'L (nds_Comdp)

where ¢, and ¢; are given by (29) and (30).
* And then the exact sinusoidal solution of (19) becomes as follows:

(33) F=Agft-un,
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When |a|<1, as may be seen from (31) and (33), the solution of the difference
eqation (24) is the same form as the precise solution of the differential equation
(19), but there is a discrepancy between the wave velocity ¢ and U. On the other
hand, when |a|>1, the solution 37)
of the difference equation (24) is an
unstable wave. This expresses the
so-called computational instability.
Fig. 7 shows the relation between

% and 4¢ for various wave-lengths

when |a|<1. As may be seen from
this figure, for a fixed time interval
4t, the wave velocity is small as
the wave length is short. For in-

stance, when 4¢=1hr, —(C] are about,

0.41, 0.64, 0.75, 0.82 and 0.86 for the ozt R

wave-lengths L=900km, 1,200 km,

1,500 km, 1,800 km and 2,100 km re- 1 1 | 1 | Ar
. . : 2 & 6 8 /0 hr

spectively. It may be considered ¢

that this is the reason why the Fig. 7. The relation between — and 4¢ for

velocity of the axial symmetric various wave lengths when |a|<1. Full

pattern is smaller than the actual lines are the case using central finite time

value in Fig. 4. In Fig. 6, since differences. Dashed lines are.the case

small-scall perturbations are using uncentered forward time differences.

removed, the velocity of the center

is nearly equal to the precise one. It may be expected that the truncation errors
become small by using a small gridsize or applying the accurate difference formula.
Thus we shall use

0Z . 8(Z(x+d)—Z(x—d)) — (Z(x+2d) —Z(x—2d))
(34) ox T 12d , ’
in place of ‘
0z . 7 —Z(x—d)
(35) ;a?;.r,(’fj_‘ ,@27,, ,(,‘E,,..,,,,

In Fig. 5, the chain line shows calculated value by 12 time steps of 4f=1hr
when we used (34). In this case, the center of the pattern moves more accurately
than when (35) was used. On the other hand, using (34) the differential equation
(19) can be rewritten as follows:

Fm+1n_Fm—1n - Uﬁ (an-l-l_an—l) - (an-u-z’—an—z)
24t 124x :

(36)

If we substitute (25) into (36) and keep in good shape, the relation between
the wave-velocity ¢ and the wave-length L may be obtained as follows:

. [ 21w s iﬂ_d
@7 | ‘Sin(—Z%QAt)=U7’A£ SSm( T Ax>6 sm( I x)
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At 85in<—2Ln—Ax)—sin(4T”Ax
If\U s 6 —<1, then the wave-velocity ¢ becomes as follows
. (2% . (4w
8 C:—L—sind(Uf—h’; SSln(TAx>—sm(TAx))
2r At Adx 6 :

Fig. 8 shows the relation between
—(CT and 4t when (28) and (38) with
4x=300km were used for L=900km and
L=1,800km, and also the relation be-
tween —CU— and 4¢ when (28) with 4x=
150km were used for L=900km and
L=1,800 km. As may be seen from this
figure (28) with 4x=150km and (38)
with 4x=300km give a more precise
wave-velocity.

o2 T £=900 km Up to now we have used central

""" L=r800#m finite time differences. Next we shall

1 ! 1 L- At discuss the case using uncentered for-

2 4 é 8 /0 hr ward directed time differences. In this

Fig. 8. The relation between % and 4t. case the difference equation cgrrespond-

(a) the case using the three points ing to (19) with uncentered differences
system (35) and d=300km. (b) the becomes

case using the three points system (35)
et o e et a9 P g B,

If we substitute (31) into (39), there is no real value of ¢ and the solution of
(39) becomes as follows :

m 2%
(40) F — (1 +a2) ‘Z_A elT(ﬂAx-—C,mAt)‘
V=(r+02)8
A X =300 km
U = 30 km
sk .
4t
/PMM\
L At=3 )
2 —  ate2
AT =/
1 n L | b
900 1200 1500 /1800 2100 km

Fig. 9. The relation between the rate of the computational
instability and wave length for various time intervals.
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where
' L af 77 4t . (2% )
“ Co= oy tan~(U g sin(F-47)),

a= UAA; sin (—ggﬂx).

(40) is an unstable wave. Fig. 9 shows the relation between the rate of instability
and the wave-length for various time intervals. As may be seen from this figure,
the above computational instability does not give rise to discussion so far as we
discuss the 24 hr numerical forecast using time intervals 4¢=1 or 2hr. In Fig. 7

the dashed line shows the relation between the wave-velocity of (40) and the
wave-length L.
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