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Abstract

Solutions of the GRIMES type are derived in both spherical
vpolar coordinates and cylindrical coordinates. It is pointed out
that solutions of this type have the close relatibnship with the
law of conservation of angular momentum.”

1. In the spheriecal polar coordinates

GRIMES [1] showed that it was possible to obtain integrable equations of
steady, frictionless motion allowing for the variation of the CORIOLIS force with
latitude. The solution ob?:ained depended on the assumption of no -variation of
horizontal velocity with longitude A, and was further limited by an approximation
that sin p=¢ (¢ being the latitude) was made, and so was valid only within the
tropics. CROSSLEY [2] has modified GRIMES’s treatment to obtain more exact
solution using spherical polar coordinates instead of Cartesian coordinates, but he
neglected the metric tevms in his derivation.

The exact equatibns for steady horizontal motion without friction may be written
in spherical polar coordinates as follows :

u__ou v ou _ tan¢ 1 o
D acos¢ 87\.+(Z op o W 2'Qsm¢ v=- pacos¢p O\’
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tacosqﬁ 5N 8¢>+ 2 uz+2ﬂs1n¢u pa 5h7 -
together w1th the equation of continuity
€)) 3 pu)IN+23(pv cos <}5)/a¢> 0

where all symbols having the same s1gn1ﬁcance used by CROSSLEY are used through-
out. Following GRIMES and CROSSLEY we assute that there is no change of
velocity with longitude,

3 dufon=0ovfon =0,

so that the equations reduce with p constant to
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The last of these equations then yields
() v=A/cos ¢,

where A is an arbiti'ary constant, which can if required be interpreted as the north-
ward component of velocity at the equator. The term A/cos¢ on the right of (6)
means that the solution holds for low and middle iatitudes.v From equations (4)
and (3) we have

90 sin b ¢ 1 1 200
§7) a¢(v Czsd) g’(’; Slr;(!)uv—&(lsm(l)cgs«ﬁ-v =-——_aib_ _,ﬁ(‘-,tl)=0’

whence using (6) and integrating

1 ou tan¢ . . B
7—8;5——7%—29,sm¢— a’

B being another arbitrary constant; a second integration then ‘gives the solution
Iu:B tan ¢—£a cos p+ Cjcos ¢,
ly= =A/cos ¢,

where A B and C are arbitrary constants, respectlvely From (4) and (8) the
pressure gradients are given by

@
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Since the atmospheric pressure p must be an one-valued continuous function of ' the
longitude A and the latitude ¢, B is necessarily equal to zero. The pressure dis-
tribution, now independent of longitude A, is given by .

._i’ SARHCE QA a
a0 =9 cos’p

Then GRIMES’s solution in’ spherical polar form from CS) is

sin® ¢p4-const.

fu=Clcos ¢—£a cos ¢,
lv:A/cos b,

where C is an arbitrary but usually positive constans, which can if required be in-

an

¢
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terpreted as the eastward component of absolute velocity at the equator. The westerly
component of velocity is minimum at the equator. It must be noted here that the
first of the solutions expressed by. (11) becomes

cos ¢(u-+Qa cos ¢) =const,

which represents the law of conservation of the angular momentum. SAKURABA [3]
obtained the GRIMES'’s solution of this type.

The equations of motion being of 'second degree, there are in general two in-
dependent solutions, but the condition (3) is restrictive. An alternative solution of
(7) is given by v=0, whence from (4), 9p/or=0, and the wind becomes gradient
wind in the case of steady zonal motion, both wind and isobars being along the

' parallel of latitude, the pressure gradient oplop being arbitrary, i.e.,

tand) 1 op _
_—W 567 v=0,

The solution corresponding to the pressure distribution (10) is

20 sin p-u--

a2 w=++AFClcosp—Qacosdp, v=0.

The upper sign gives (u+Qacos )=+ mzlcos ¢, and so yields an absolute velo-
city which is positive. The lower sign gives an absolute‘ velocity which is negative,
and so this is not usually available in the earth’s atmosphere.

Of these two solutions (11) and (12), the gradient wind in the case of steady
zonal motion (12) reduces to zero Wheﬁ the pressure gradient vanishes, but this is
not true of the solution (11). The vector difference between (11) and (12) has
components )

(CFVA*+CDlcosp,  Alcos d.
It is of interests to see that these dual solutions (11) and (12) give the same Kkinetic
energy, (A"+C2)/2 cos?¢p if thq absolute velocities (#+Qacos¢, v) are taken into
con51derat10n.

We mxght to say with CROSSLEY that if solutions of the GRIMES type are: 'found
to exist, it follows that the gradient of pressure by itself is not sufficient to deter-
mine. the horizontal motion of air, at least in the trdpics.

The stream lines for the GRIMES’s solutlon of the type (11) are defined by
acos qﬁdk/u—add)lv, the integral of which is

n 1+sin¢

(13> . AN+Qasin d— o5 m =const.

The stream hnes of this type are shown graphlcally in Fig. 1 for selected values
of A and C.
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2. In the cylindrical coordinates

The dual solutions may be found for the steady horizontal motion of air in the
system -of concentric isobars, as tropical cyclones.

The exact equations for steady horizontal motion without friction may be writ-
ten in cylindrical coordinates as follows :

Ove., Vg OV vow 1 op.
g Vor Tr 20 T 7 +20sin¢-0,= T p 70°
a® o 13
oV , Vo OVy op
Uror T r 80 T —29 sin ¢ Y= or’

tOgether. with the equation of continuity
15) oCpr v)[or+3(p v9)[20 =0.

Here v,, vy are the radial and transverse components of the velocity at the point
(r, ), and other symbols have their same significance used in Section 1. Taking the
origin at a proper position, we assume that the velocity is constant with azimuth

as ov,/00 =dvslof =0,
so that the eqliations reduce with p=conétant to
) » 1 9
Uy ?;:f +— 1)91) +2Q sin ¢ v, = pr az ’
an 2 2 1 op
v, Vg -y 1 9p-
5 —T—Zﬂsmcﬁ Vo= o or’
as a(rv)ar=0.
The last of these equations then yields
a9 Vr=Q 1,7,

where « is an arbitrar& constant, which can if required be interpreted as the value
of the radial component of Veiocity at the radius 7. The term a:7/r on the right
of (19) means that ihe soluti(;n holds for the area except the origin. From equa-
tions (17) and (16) we have '

(20)' a—i{ aé); +—= ve -!—2(2 sin <;b)}= ——/1)— ;%_ % _30.( af’ ) 0,

whence using (19) and integrating

@D . . ovelor+uelr+2Q sin b=pIr,
B being another arbitrary constant; a second integration then gives the solution
| (B__
: vo———'y—l- 2, Qs1n¢>r, p
22 ;
7
vr=7"a,

where «, G, v are arbitrary constants. From (17) and (22) the pressure gradients
are given by

‘



24 : S H. Arakawa : ' Vol. [ No. 1
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whence

) . 7 2 2 2 /27
_%zag d0+{Q2 sin® -7 ——-(a*+) —ﬁr—(y“ -Z’f

Since the pressure p musf be an one-valued continuous fﬁnction, B is necessarily
zero. The pressure distribution, now independent of azimﬁfch, is given by
23 ——%:const r—‘Q—S—zm—qer AR GO
Then GRIMES'’s solution from (22) is
: {v,;=fy r/r—Qsin ¢-7,
24 U, = r.,/r,
where v is an arbitrary but usually positive constant, which can 1f required be in-
terpreted asthe tangential component of absolute velocity at r=7, It might be noted
here that the first of the solutions expressed by (24) becomes k ‘ :
‘ 7(Vo+-(2 sin ¢p+7) =const,
which represents the law of conservation of the angular momentum.
! - The equations of motion being
n=2n, of second degree, there are in
- general  two independent - solu-
N tions, but the condition (16) is
//‘*\* ~\ . _ restrictive. An alternative solu-

tion of (20) is glven by v, =0,

= wherice from (17), 9p/20=0, and

/ the wind becomes gradient wind
in the case of steady circular

Cen.ten motion, both wind and isobars

being‘ along the concentric (iircle,
the pressure gradient ap/ar belng
- arbitrary,-i. e.,

1)9 ~ 1 817
C 20 sin ¢+ vg—f— P 3 0.

o The solution corresponding to the
pressure distribution (23) is

(25) vp= 7V AP+ lr—Qrsin §,
: v,=0.

Fig. 2 (a). e=arsing/2, y=0rsing The‘ upber sign gives'

=21,
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(v9+Q 7 sin @) =rv/ A +7¥r,
and so yields an absolute velocity
which is positive. The lower sign
gives an absolute velocity which

is negative, and so this is not
~ usually available in the earth’s

n="1,

~

atmosphere.

Of these two solutions (24)
and (25), the gradient wind re-
duces to zero when the pressure
gradient vanishes, but this is not
true of the solution (24). The
vector difference between (24)
and (25) has the components

(YFN T lr, anlr.
It is of interests to see that the

dual solutions (24) and (25) give -
the same kinetic energy

r?(a+yD[2r, .

Q:/LD ) : )

Fig. 2 (b). a=—arsin¢2, 7=aro:'sin P.

if the absolute velocities (vp+ 7 sin ¢, v,), are taken into consideration.
The stream lines for the GRIMES's solution of the type (24) are defined by
dr/v,=rdO/vs, the integral of which is

(26) @ =(y/aDlog »— (Qr*2ars)sin ¢ +Con$t.

The stream lines of this type are shown graphically in Fig. 2 for selected values
of a and 7.
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