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-~ Abstract

Under four assumptiohs we integrated the equations - of
motion uniform in a direction,and obtained integrals in Cartesian
coordinates, in the =z- d1rect1on of wh1ch the motion is considered

‘to be uniform. As in this case it is'seen from the equation of con-
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tinuity that momentum can be expressed by applying strearn-' S

surface functions, -therefore we can get two integrals : one ‘concer-
ning momentum and the other concerning vorticity. The inte-

gral concerning energy can not be obtamed unless we assume the

‘pressure distribution to be stationary.
If we further assume that the motion is stationary, then we
get the same integrals as those which we derived ‘before.. .

‘In discussing the mot1on, we adopt the follow ing four: assamptlons R

(A) fluid is frictionless;,
(B) fluid is autobarotropic, , T I SR
(C) the effect of deflecting force is neg11g1b1e, '
(D) the state of motion is uniform in a direction.

The equation of continuity is . '
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If we consider now a vector (g,gv,qw) in the ({,y,2) space, the above equations hows
that the divergence of this vector is always zero in the space. Hence, applying
stream-surface functions a(¢,y,2).and B(¢,y,2), the vector can.be expressed as

(2). o qu=raxph,

where p is with respect to ¢,y and 2, or in components -
w R geten.
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Now we consider -the geometrical meaning of these equations. \

It is more comprehensible for geometrical interpretation to adopt the ordinary
three-dimensional space (x,y,2) than the space (t,y,z). If we adopt the assumption:
(D') motion is stationary, that is, 8/8t=0, instead of : (D) the state of motion is
uniform in a direction, that is, §/0v=0, then the equation of continuity becomes
instead of (19, '

0 0 0 SR
ﬁ(qu)“l'ﬁy—(q@)’l‘*a;(qw) =0,

As this equation shows that the vector ¢v representing momentum is non-divergent
or solenoidal, it can. be expressed by the solenoids («,B) of two mutually inde-
pendent scalar quantities. ¢. and B. The two surfaces .

(3). . “a(z,y,2)=const, ﬂ(@ Y,2)= const
form two systems of stream-surfaces or a sysuem of stream-tubes The direction of
the vector v is expreesed by the hne of 1ntersect1on of the two stream-surfaces and
the magnitude is expressed by

dB

dnﬁ ISIII€‘,

dn

| = FaxpB| =
where ¢ is the angle of intersection of the two stream-surfaces

a=const ‘and: B=const.

In our problem «a and- B are- stream-surface functions in the space (¢, ¥,2)., The
state of motion at every time point is determined by a system of intersection oi the
surface a =const., that is, the yz-plane; with the systems of stream-surfaces (stream-
tubes). If we know the systems of these lines at t=t,,,%s,-----, then the projec-
tion of motion on the yz-plane is fully determined. As we are now treating of the
motjon uniform in the «-direction, the three dimensional motion in the space (z,y,2)
at t=to, ty,ta, 0" , is fully determined from the projection on the yé-plane. »

If we further assume the motion to be stationary, then, putting' =t -in. (2b)
and (2c), and writing ¢ instead of @, we get

4) =%, P

VE . A oy
in which ¢ expresse~ the stream-line function of the two- dnnenswnal vector (q'u,qw)
The state of motion in this case was fully discussed in our previous papers. As this
is the case when the f-plane coincided with the ye-plane, therefore it appeals on the
ye-plane only the lines of intersection of the surfaces a= const with the yz- plane
These lines of intersection become the stream-lines in thIS case. '

Now we transform the equations of motion. by applvmg the stream-sm‘faee func-
tions « and B. The equations of motion are written under the initial assumptions
(A),(B),(C) and (D), as follows

(5) %-l-'(v-V)v—l—V«ﬁ'—i-sma:O,‘

or in components
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p ou au Ou
(5a) ot +v + o =0,
‘ ov ov 0
5b OV 4 0% 4 00 P _
(5b) - . . (’?t +v e Y w o + 8% oy =0,
- ow ow op
(52) Bt +’0a —I—w—a —I—g—l—sﬁj— .

In order to derive integrals, we apply the following relation. The necessary and
sufficient condition for the three variablés f, o and B with respect to ¢, y and 2 to
be mutually. connected by a functlonal relation, is that their Jacobian determinant
is zero, that is

of of of

Bt Oy 02
o 0,08 _ |da Oa B | _,
62 ' 0(t,y,2) ot Oy 0s =0.
28 33 08
Bt - oz

In the case when the above relatron (6) holds, the function f can be expressed by
usmg a and B as follows n
(7) L f=F(a,B),
where Fla,B) 1s an arbltrary functlon of o and B only
The equation (6) as expressed o
{ e, B)_}¥_ { a(a,ﬁx}gj;' { a('a;'B) } L_
0(y,2) ot 0(z,1) » oy act,y) | o-
can be transformed in our case, applying (2), into
(8) a{ oo St oF 4f -
Thus if the function f satrsﬁes (8), then it can be expressed by (7). This means
‘physically that a conservative quantity f can-be expressed as a function of stream-

surface functions only. .
We integrate the equatmns (5) of motion by applying these relatlons. v
First, (5a) is transformed as follows :
du
B o=t
hence, we get from (¢:3)
9 ' C u=V(a,B8),
where V(a,B) is an arbltrary function of & and B only This expresses an integral
with respect to momentum (the z- component of). .
If we put B=t(=const) in this'equation and write ¢ instead of «, then we get
@ . } Cu=V(g),
which expresses the law of conuervatlon of momentum in the case of statronary mo-
tion, and coincides with that which we .derwed‘ before.

. Next, we calculatea%(Sb)—T%(Bc); then we get
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(2ol O oy 0wy _Dv)

ot 0y 0z oy oy 0z
On the other hand .
[0, 0 { Ow __o0\V_ (0 , 0, 8 _61 Ow \(Ow _ 0y
Lort aj+waz) 3(9’5 a_)} ( +”aJ Tug T +6z ><6y 0z>’
where s~% Thus we can derive the following integral
o Ow - Ov
(10 o (3@» &)= T8,

where ¥(«a,B) expresses an arbitrary function of « and 8 only This equatlon is
written also in « and B as follows

N R AN B o S o i oy

s , .
+3 ——%(((:, f; | =va.8.
This is an equation with respect to vorticity. S
Putting B=¢(=const) and Wri,ting ¢ instead of a, we get
ary (s g"}” » +gj %‘/J’ Oe 00—y,
which expresses the law of conservatlon of vorticity (the z-component of ). in the
case of stationary motion, and coincides with that which we derived before.
Lastly we derive a relation concerning energy. Multiplying (5) with vector v
scalarly, we get, applying the assumption (B) '

fl—(} v’1>+r{-7(¢+ S éélp>=0,

dt\ 2
which is also transformed as follows:
0 0 _0p
12 (orteaytea)(Goret | 8‘“’) e

which.can not be mtegrated in our way, unless we assume the distribution of pres-
sure to be stationary.
If the field of pressure is stationary, then we get

(13) | St ot [ sdp=Ha,®, .
which can be rewritten as l ' -
’ 1 oa,B) o a, : :
(14) *[{ s f) } +{ (@' f‘? } +v?] +9z+53"‘1’xﬂ<“’3"
Putting B=t(=const) in this equatlon and writing ¢ 1nc*tead of a, we get
' 3 o _ o
an (B (B v }+gz+jsdp B,

which expresses the law of conservation of energy in the case of statlonary mo-
‘tion, and coincides with that Whlch we derived before. B
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