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Abstract

From the equations ef motion including inertia terms, which
are very difficult for integration, we can derive interriediafe
integrals in some cases, if we adopt the following ass@mptions :

~(A) motion is stationary,

(B) ‘motion is uniform in one direction,

(C) fluid is autobarotropic, ‘
because, in this case, the equation of continuity becomes simple
and the motion is expressed by applying a pseudo-streamline
function. Here is stated the general process of integration;
only in the case when Cartesian coordinates are used. The
treatment of the case when curvilinéai‘ ‘coordinates are used, will
ba réeserved for another opportunity. Some of the applications
of these integrals are already published by the author.

Here we will treat generally of the motion of frictional fluid moving under the
-influence of deflecting force on the rotating earth. We adopt here only the following
three assumptions:

(A) motion is stationary,

(B) motion is uniform in one direction,

(C) fluid is autobarotropic.

We consider the coefficient of friction to be constant. Then the equation of
motion, which is expressed by the generalized Navier-Stokes’ equation, is written
in vector form as

%+(v!7)v+2ﬂ><v+V¢+sz—xy’v—-§—Vdivv=o.
The equation of continuity is v
95 _ o2 giv( V)=
B—s d1v<s> 0.

Now we simplify these equations by applying the above assumptions (A), (B)
and (C). Thereby the origin of coordinates is placed on the earth’s surface, the
w-axis, which is considered to be the direction in which.the motion is uniform, is
directed to the north by angle 8 from the east, and the z-axis to vertically upward.
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Then the equations of motion becorre: ' Rt

1 0,0 Qu_, 0u ‘
(L "5y 5 T, 20 sin 9. 'v+2w €os 0 cos Bew= x(a 5 +6z2 ), ‘
(2) v?-{—wa 42w sin §-u—20 cos § sin B-w-+s L 6§’

(8 , v\, & O(0v, bw - 4

o o o )5 ay(ay“La,)
(3) v8—y+w%’i —2w cos § cos Bu+2w cos  sin Bev+g +s%—f ;
Pw , Pw\, £ §fov, ow
‘ (aJ w5555
The equation of contmmty becomeés
: Ofv\, 0fw)_ '

4 | @(?)*5;(‘;) =0, -

From eq. (4) it will be seen that the momentum (%, %) is expressed by apply-

ing the streamline function ¢ as

__ . 0¢ —__ 0y
(5) v—saz, w—‘s»@_u’

" where ¢ is the pseudo-streamline function for itie velocity (v, w).

Now we will rewrite the equations of motion under application of the pseudo-
streamline function ¢.

First, 'putting eq. () into eq. (1) we get

00 Bu_ 8¢ Bu % _o 00 _ (G o
Zwsmﬁ «s—2—2w cos 0 cos B s@y ::( % 67)’

i oy 63/ 0= 0z
which will be rewritten as
9 0,20 sin 0y +2 =0 9 (420 sin 5. .
By 55 20 sin 61y +-2w cos 6 cos [+2) 5% 6y(u 2w sin 0+y-+20 cos 0 cos B+2)

+vp X u—20 sin §+y+42w cos § cos B-2)=0,

where u=%. This will further be rewritten as

‘ 60 0_00 0 2\ o \
(%) <6y64 oz 6J+”7)(“ 'sin -y-+20 cos 0 cos B+2) =0.

This is an equation with respect to momentum and can not be SImply 1ntegrated
in general. In &pecial cdsés, However, wé can derive from this an intefmediate
integral concerning momentum as will be seen next.

() If we assumie the fluid to be frictionless, then putting y=0, we get from
eq. (6). -
(8{/) _o¢ a)(u——~2w sin §-y-+2w cos 6 cos B-2)=0,

9y 0= 02 Oy
from which an 1ntermed1ate integral can be derived as follows,
6ay u—2w sin 0-y+42w cos  cos B-Z~V(¢),

Where V(g) is an arbitrary function of ¢.’
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Further, if the effect of deflecting force can be neglected, then we get

(6a’) ‘ u=V{().
This indicates that the veloc1ty cornponent u is constant along a streamline ¢—const
in y-z plane. o

(ii) Even though we assume the specific volume (or density) of fluid be constant,
eq. (6) can not be simpified, but if we neglect further the effect of deflecting force,
then we get : : '

6wy (@_@@_@@@Jr;yz)u:o.

Next, calculating _%{eq' (2)}—1—6%{eq. 3}, we get

® Bl G0 -5+ 55
_Zw(cos 0 cos Ba”—{—sm 03“)—%—20) cos 6 sin B(gi %ﬁ g: %‘5 )
G R
whereas |
(& 2% e (-2 | |
(G e ) G o)+ (% -2 B (5 2)
== { g+t G-+ G+ 3) (53}
further, as
- G R =G R (BT e (22,
therefore
A2 (s ersazr-ton) (&2,
Further, as : '

0w _ov\_ .0 gb 2 0°¢ | 0s 8¢ | 0s 8
oy ~3)= o T o Ty oy % 057
therefore eq. (a) becomes

1y (o deo

L 2178~V«+212(78)2—1.> }( 200 4 200

oy 0= 0z Oy 0s%
0s 0¢ ;05 0¢ 0w 0u__ 0s 8¢ 83
+s GJ 8J+ 5 05 ) .‘Zco{cosﬁcos[iJ +sm49 cosﬂsmB(aj s 5 %f)
=0,

This equation is with respect to vorticity and can not be simply integrated in
general, except in the special cases where intermediate integrals -can be derived.

(i) First, we consider that" the fluid is frictionless. As we have aIready
derived in this case an intermediate integral (6 a) from the equation .concerning
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momentum, we get now

au_ /6(/1 2 311',_‘ /6¢__
B Va +2wsin 6, o 214 o 2wcosaceeﬁ

Putting these into eq. (7), Where y=0 is assumed, then -

_ Gu @__ 0s 8¢ _ 0s 8¢
Zw{cost?LOSB +sm0 cos fsin B(ay 92 oz ay)}

=—20 {%fj—(cos 0 cos B~V'+cos 0 sin Bgs> A ( sin §-V'+cosfsin B 63) }

<6¢ o0_0¢ 0

—2
Oy 62 02 Gy){v (V420 sin -y—2w cos 0 cos B-2)—2ws cos 0 sin B}.

Therefore eq. (7) bzcomes
(fMJ _ 0y 6){ 6‘2¢+ 26¢+636¢ 886([’
oy 9z 0z dy 8y? 0y oy 62 e
+V'(V+20 sin 0-y—20 cos 0 cos f-2)—2ws cos § sin B} 0,
from which the following intermediate 1ntegra1 can be derived

(7a) sz%‘/; + s %;’b +s gj %ﬁ +s gs %‘b +V! (¥ 420 sin 0'y—2a) cos f cos B+2)

—2ws cos 0 sin B=T'(¢).
Further, if the effect of deflecting force can be neglected then we get

Ty 2ZZ¢+26¢’+§3%+ g—j@"—_w'
where only ¥’ is written instead of ¥/— —~V'V, as ¥’ and V are both arbitrary
functions of ¢ only. Eq. (7a) or (7a’) indicates that the m-eemponent of vorticity
is conserved along streamlines, when the effect of friction is negligible.

'If the fluid can be considered to be incompressible, then we get

(72’ V¥+V/'(V+20sin 6- J—-2m cos § cos f+2)—2w cos @ sin B=¥",
because, as w= are now dealing with stationary motion, we can con31der in thlS
case that the fluid is homogeneous and incompressible and therefore ‘we can put
s=const =1 without losing generality. ;

Further if the effect of deflecting force is negligible, then we get

.(73.”/) , - pRp=0,

(ii) . Next we consider the fluid to be incompressible, then eq. (7) becomes

0 0_00 0, o2\ poy_ c0s 8% 1 sin 69%) =
(7Tb) (ﬁy 5 azay+y7)y¢ Zw(cosacosﬁay+smﬁaz> 0.

This equation cannot be simply integrated, as the velocity component » appears in
it. ’
If, further, the effect of deflecting force is negligible, then we get

0y 0 __0 —
7B | (a‘j 2 o0 6§+ Vz) pe=o.
As only ¢ appears as dependent variable in this equation, this can be integrated in
special cases, and is often applied in dealing with the stationary motion of viscous
fluid. We can refer the readers to the papers®”by G. Hamel, C.W. Oseen, etc., on
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this point.
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Next, eq. (3) becomes

(b) —s(ﬁ Lo

Oy Oy

+2ws cos B sm B(w +g+s

whereas

(220 '

oy Oy

saﬁ¢>61+ (2200, 00 )00

20} cos 0 cos Beu

62,,,>5¢ 4 (63 5

o aw)acb
oy* 1 9s | \6z Oy

Sov92! By

kP —t 9 0s

6’@ _<__
3 02\'s Oy

5=

0y* 92 0y 6ﬁz oy

=[S (B)+ (3} +o(G a5 5]

_s%(adf)

{35+

— 7w = (P27 5P 4P

and

~5 o2l

eq. (b) becomes

therefore

@ Z{z (&

86y

as 04 0¢
6‘J Oy 02

() 1) %

5204 O _ 200 ¢
02 0y _ Gz 0%

0p 9s ., 04 0Os
{872¢+ oy @y+ 02 Oz}

¢
}—61_,

l@)_'__

s 02 v@

(o 5= or0s)

s Oy

JEX (a¢)]+gz+jsdp} & {, 62‘/’+22f

62 ﬁb ..

+ as @‘1’ LAY 1ol 05 6(// —Zws cos 0 siiy B} —2w cos 0 COS B~u+fc(s}7“’+2Vs¢V+st)%—‘5=

..l___

= 67(6(/’ 05 .

Oy 0=

-2 o)

Th1s is an equatien with respeet to energy and cannot be simply 1ntegrated in -

general.

(ii) We consider first' the case without friction.

As in this case we have

already derived intermediate integrals (6a) and (7a) respectively from equations'

concerning “momentum -and vorticity, we.can put these into eq. (8).
{ 26 (b + 2

_ 09
67

Then we get

6¢ 0s 8¢ asw 9 o
552 -+ &y 6y+ 56 coscosﬂsmﬁ} —2i cos § cos Bu

= —%_i{qf'-;vf(v+2m sifi 6y —20 €0s B cOs B+2)}—20 cos 0 cos B(V +20 sin 6y

—20 €08 0 cos fez) = “7,%%—+%‘{(V+2w sin 6-y—2w cos § cos B'z)z}’%,

therefore eq. (8) can be integrated as

(8 a) —‘,{ (a‘b) +s < ) (V420 sin §- y~2wcosﬁcosﬁ~z)2} +ge+Ssdp (8

As ¥ is only a function ¢, this equation indicates that the energy is éonsefv‘ed "
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along streamlmes, when the effect of friction 1s negl1g1ble
If fufther the efféct of deflecting force can be neglected, then we get

(8a'y o { (%f)-l—s <a¢)+V2}+gz+Ssdp v,

If the fluid can bz considered to be incompressible, then we get

(8a”) %{(@)2_*_(840) +(V+2a) sin §-y—2w cos 0 cos B+ z)z} +ge+p=Y,

oy 0
Further if the effect of deflecting force is negligible, then we get
8l 1@ :) _
(8a/) (6J)+(8 ) v2} 4ot p=.

(ii) If we assume the fluid to be incompressible, then eq. (8) becomes

CRNE S { [(%‘j) +(~5;) ] +g~z+p} ~%p9—20 cos 'sin )

2w cos B cos B u+n;72a¢ =0.

Further, if the effect of deﬂectmg force is negligible, then we get

b 5{% [(@)‘1‘(6;) | +gs+0} ~Lpprep 2 —o.

Now we have derived the equations which represent the motion under assump-

tions (A), (B) and (C). They are the equation (6) with respcet to momentum,'
the equanon (7) with respect . to vorticity and the equatlon (8) with respect to
energy. : : .
These equatmns can not be easﬂy lntegrated but when the fluid is frictionless,
they are all integrable. The intermediate integrals in this case are shown as (6 a),
(72) and (82). These indicate respectively that the momentum (z-component of),
the vorticity (z-componen€ of) and the energy are conserved along streamlines,
when the effect of friction is negligible. We discussed before atmospheric motions
by applying thesé rélations. ™ CoTeT T e '

Also as to-frictional fluid, the relations representing motion become relatively
simple, if we neglect the effect to deflecting force and consider the fluid to be
incompressible The equations in this case are shown as (6b/), (7b’) and (8 b').
Of these, eq. (7b’) is the one from which ¢ is to be determined. When ¢ is
determined from eq. (7b’), then w is deterrmired from (6 b’) and p from (8b').
These telations, espemally eq 7 b’) are already W1de1y apphed in dlscussmg the
motion of viscou$ fluid. ) :
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