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Abstract

‘The transformation of the equations of motion of a viscous
fluid to orthogonal curvilinear coordinates has been discussed
by G. B. JEFFERY, )and that of the equatlons of motion in dy-
namical meteorolosv to orthogonal curv111near coordinates by

the present author,2 )uut the analogous equatlons for the vorticity
do not appear to have attracted the same attention. - The
first section of this paper deals with the transformation of the
vorticity equations to-the orthogonal -curvilinear coordinates.
The second section is devoted to applications to cylindrical and
spherical polar coordinates.

1. Transformation of the Vorticity Equation ‘ ,

If V be the velocity, K the externally applied force, p the pressure, p the
density, W the angular velocity of the earth’s rotation, then the eqation of motion
in vectorial form is

AV orwxvl=K-Lpp,
dt P
or
+CV POVA2LW XV ]= K—-VP

Taking the operatwn CURL on both sides of the above equation, and using the

relations

rot(?‘K) - éat—(rotV), |

| rot{(V- V)V}:(V- 7Y rotV—(rotV-p)V-+rotV-divy,
Yt LW X V=(V - YW —(W+ IV W divV—V - div,
rot(%‘Vi? )= —%;C XD,

divi =0,
we get the vorticity equation as:
(1) ATtV 4 (V- p) (rot V4 2W)+(rot V42 W) divV

ot
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—{ CrotV+2W).p }V: rot K+%»2(Vp Xpp).
Again using the relations
rot{(rotv+ 2W)x V} (V-p)(rotV+ 2W)—{ CrotV42W) -y }V
+(rotV4+2W) - divV—V - div(rotV+2W),

‘and a—a’tK=, divW=0,  div-rotV=0,

we get the vorticity equation as follows:
(Ll-a) ?(JQEV_J“&V ) +rot{(rotV+2W)x ¥} =rotK+l (Ppx D).

The transformatlons of div and 7ot follow at once from the defmltlon of these
operators in terms of surface and line integrals, respectlvely
If a, B, v are orthogonal curvilinear coordinates, and if

we=(55) +(§3‘)2+(%)5 no=(22)' (L) (%)
we=(S0)+ (G ) +(Z).

so that elements of arc measured along the normals to the coordinate surfaces

at any point are % 2/3 , Z/ then
@ e300, S E-20),
o251
o aenenl () 265

where i, v, v3 are the components:of ¥ along the normals to the surfaces «, B,
y=const., respectively, and {;, {2, &3 the components of rotV along the normals «,
B, v= const., respectively. ‘

By a second application of the operations 1rnphed in (2), we have, denoting
the direction of a component by a suffix,

rgtw{qot VW) x V}: hzh:;[%{ ]%;[(cﬁzm )uz'_g«ngzmz)vﬂ}

| s 2o =it 2o} |

Using the relations

dWW-hhhs{Ea(h?;,s)+g%<—z’—;¢)+§v— o

a2 (525 2 (0

the last relation can be transformed into an expression which while it appears

more complex, is in reality 31mpler in appilcation, namely,
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rot«{(rotV—f—ZW)x V} (v Bl +v>ho il )(ZH‘ZQ); )

syt
U ,+(§‘+2°’9“‘”’{aa<m +3;§(n )*a?y(hfi }
(4) —{Git 2o It 200 b Tt (ot 200 2 o
~ (e 2oLt 2oy i "(h;_)*{@-"’“_‘f”) n
'—(§1+2wou;}(uh3§<;z). I
Let - ,
. (5) _;g.’zggm tvahs B+vahga€’y

then the a comrponent of (I-a) becomes

AEa o mi o ( 20+ S () 5 )

{(;x+2ml>hb+(§o+2wz)h +(Eot20m) b }

6) {(§1+2w1) 02— (ga-+207) m}hl hzaB< )

{(§3+2‘°3)"1—(é’1+2w1)03}h1h 9 (l_zl_l) .

- Ks)_v_ K } 1, ,(9p 8p _op 0P
=k h3{36( (hz> ofrabs 9B oy~ oy aﬂ)

If the externaly apphed force K (K, Ks, K ;) has a potential @, then using the
relation rot K=rot- ~gradp= 0, the final equatlon (6) becomes more simple. - The
corresponding equations in {», {3 can at once be ertten down from symmetry.

2. Apphcatlon to Cylindrical and Spherxcal Polar Coordmates -

If we take Cartesian coordinates #, , z, with the s-axis drawn to south, the
y-axis drawn to east and the z-axis vertically upwards, the component vorticities
along these three axes are given By “

. z _ OUs _CUy _ OUy
=gy o L=gE—Tr Le=Tr-T
where V., Uy, U, are the component velocities. The vorticity equations in Cartesian

coordinates become

ar (;’m 2cocos(0)+(§z 2cocos(D) O ’{(é‘x 2mcos(D)a”"

v, ov,)_1/0p op_ap ap)
+§" +(§‘,+2ms1n0) }p(ay oz. Oz 8y>’

"—é‘w’l‘ gy ~{(§z—2mcos @)_l

- op 9p _9p °0p
g, y_!.(gz—}-ZQ)Sln@) P“( oz Ox Ox aZ)

'gz (&:4-2wsin @)+ (§,+2cosin 0)-6— {(Z;w—‘?w(,os 0%

o, P99 %
+§1} + (&t 20w Sln@)fi} [ (ax 2y oy 836)
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where

d _
at -

0 is the latitude supposed to be a constant and = r_qu) These expressions have
been given by Th. HESSELBERG and A. FRIFDMA’\IN.
If we take cylindrical coordinates s, 4, z, we have

+vx +””a +v,?,

b

x=sco8d, y=ssinfd, z=z, h=h;=1 and h2=%~

Then the component vorticities along s-, 6-, z-axis are given by

;__ }_?K; _@U_o_ ovs 81); ;— C]ye Vs
& s 39 oz, fo= Pz os, % s + " 500,

where v;, v, v, are the component velocities. From (6) the vorticity equations in
cylindrical coordinates become

—d—'—‘(é‘ s— 20C0S ﬂ?éosﬁ.) +(£s—2wcos0cost) - @
—[(C +—2wCOS (DcosG)—‘ +(&o+ 20cosP sm9) + (&, +2wsin w) :I

Pd(@p 3p ap aﬁ)

sof 9z oz s3f
-d—(é’o+2co cos®sind) + (s+2wcosPsing) - O

vo(é’ s— 2mcos¢cos€) —Ys (Z_,‘e +2w cos® sind) = (%P %Isl gsﬂ %g)

——(§,+2wsinw)+ ( §,+2msina)) )

-—[(C, —2wcos® cosd) —‘ + (&e +2cocos(0 sm0) ov, —|— (&:+2msin w)%%]

=1 (ap‘ ob_ ap ap)

ds 530 s00 os
where

d_2o
E—-__'i—*‘vs' 0+vzaZr

1 2w,
(303)+ s aa +
and {,‘g——2mcos<I>cos(), §o+2¢oco$‘@sin9, ;‘,+2cosin0), are the components of absolute
vorticity along s-, 6-, z;axis, respectively. These expressions have-been discussed
) :
by the  present author. :
If #, 8, A are the spherical polar ~coordi’n’ate5‘ with the geocentric colatitude €

and longitude A, then #;=1, 'h2=%, h= - The component vorticities along #-,

rsin 9
-, r-axis are given by

= _ov’
Ere= rsme{ (sinf) - 02 oA }' s
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11 oo,
T 7 lsind N or (“)‘)}

1(a(rve) _ov, }
fa= r{ or of
where v,, vs, r» are the component veIocmes. From (6), the vorticity equations in

spherical polar coordvnates become

?if (&r+2wcosd) +(&r+2wc0os0) - O

{(C »+2wc0s8) )% o, Z+ (Lo 2a>sm€) o0 & —aQL}

rsinfiop.
=1 ( op ap __°op j}p )
708 rsindon  rsindon rof /,

2 (¢o-20sin6) + (Lo ~2osind)-6

e av"
{(§,+2wcosr9) +(Co —20 sind) g +Ex rsmga)u}

-—1’4(2_;9—2w sin ) +@ (&+20 cosd)
_1/ o op 0p
Z

rsmﬂax or Or rsindon/

d§ av ov
Arine— {(é’r* 20 0039) + (Z‘o~20)51m9) 2 +‘: rsiné\BX}

v’é‘ +v'\(§r+2(o cosd) -l-cot oa(Lo— 2cosin9)—° tg 9+ Ca
1(ep @p _ op ap

p\or ro0  ¥od or.

where
d_2 ., 0. w0, »n 3
di ~ ot Tar 7 60 rsin@ oA .
9 aw )
& =0 (r o) = rsm@ 86‘ (20 sind) + 7sin

and &,+2wcosb, & a—2msm0 ¢\ are the components of absolute Vort1c1ty along #-, 9— X-

axis, respectively. These expresseions have been discussed by the present author
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