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Abstract

Most series of meteorological observations may be considered
as a stationary autoregressisfe stochastic process of order, say,
h. In such a series, it is proved that, for the interpolation of an
omitted observation by a linear scheme, the observations more
than h terms apart before or after the omitted term need not
be taken into consideration. Precision formulae, by which we
can indicate the probability that the true value be within any
range around the estimated value, are derived for various cases.

The theories and formulaé are extended to the case of
vector or multivariate time series which may often come out in
practice. '

1. Introduction

When, in a series of meteorological observations, one of them has been omit-
ted on account of instrument trouble or some other accident, it is often necessary '
to estimate the value of the quantity which thus escaped measurement, Complexity
of meteorological phenomena, roughness of observation network, and deficiency
"of the number of times of observation all preclude deterministic evaluation of such
a lost value;’ thus, an estimated value, anyhow obtained, is never free from an
amount of error. In a scientific interpolation it must be manifestly indicated
that what is the probability that the true value would be within any range
around the estimated value.

As regards stochastic interpolation in infinite stochastic sequences, some theo-
retical researches have already been made by A. Kolmogoroff W and others @,
We propose, in this paper, theories and formulae that may be directly applicable
to such problems of meteorological technique as mentioned above, which concern
finite stochastic sequences.

Our problems of stochastic interpolation may be classified as follows :

(a) when we use only the values of observed quantities obtained at that

station where the failure took place before and after the hour of the failure of
observation;

(1) A.Xolnogoroff: Sur I 1nterpolat.10n et extrapolation des suites stationnaires, C.R. 208
€1939). :

(@) e.g. G.Maruyama: The harmonlc analysis of stationary stochastnc processes, Mem
Fac. Science., Kylisyi Univ., 4 (1949).
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(b) when we use only the values of observed quantities obtained at the neigh.-

bouring stations at the same hour that the failure took place;

(¢c) when (a) and (b) are combined.

Among these, (a) may be reduced to interpolation by time series analysis and
(b) involves multiple correlation, while the most general case is (c) which is to
be treated as a vector time series. ,

In this paper, the stochastic sequence is assumed to be stationary and Gaussian
(or normal) process. That which is not stationdry may be stationa_.-fized, or that
which is not normal may be so transformed that its distribution law is normal.
Application of our method is then possible in either case.

2. General remarks in the one-dimensional case . ,

Let the variation of a certain meteorological element X (¢) be a statlonary
stochastic process, and its mean value be zero, so that E{X(¢)}=0®. Let us
assume that the observation of X (¢) at the hour t was omitted. In order to inter-
polate the X (¢) by the values obtained at equal intervals before and after that
hour,

(%, e . PRI VX sty Xgrgy teeene X iy oroeer,
we adopt a linear scheme ‘
2. 2 Yoo (8) =0 X (t—=m) oo Fa X (¢ =1+ X (1)
+a X (t+1D)Feveerta, X (t+n),

and determine the coefficients in such a manner that
¥ {Yzmn(t)}=minimum,

so that
a?"“ = — :!_ ...... oo Pm-—l em-f-l"""'_pm-l-'n \—1 p.m .
Ay Om—1t"" 1 Ogerseeress On+1 01
(2. 3)
i ay 0m+1 v 92 Leeen ot Ppet 01
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where p; is the autocorrelation coefficient of X (¢), that is
pr=E{X ()X (t—k)}/0.2
where ¢,% is the variance of X (¢). If m=n, then obviously a_;=a; (§=1,2, ),
The minimized variance of Y ,,,(¢t) may be written as

2. 4 O =20 2
@5  =( et @=D
where :
dim+n)=|1 Opeeereee e Opin
. 6) ] o1 1 [
PRI S B

(3) E means “ Expectation?”
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and where @. 5) is derlved from (2.4) by the use of the least Square property.i
» mn(t) ‘is uncorrelated with X(+—k), k=+1,+2, ......,’l‘m and E{Y,,m(t)} 0
Hence, When the values ‘ |
@ 8 X(t—k) - ( =t 1, :|:2 T

are g1ven, the value of X (¢) -at the hour t is.not obtained. determlnlsncally, but
may be a random variable X.(¢) under the condition (2.8);

- 1)

@9 | XUDH (D= S meen GHO.
We may take as an’ interpolated value #*(¢) of X(t) the mean value

(2.10) () =F{X ()} = —ki_‘;ak Tosts

] .
where 3V represents the sum for all the values of k exeept zero. The coefficients
“a’s in (2.10) are given by (2.3), but, in which, for practical purpose, g are
replaced by the serial correlation coefficients The
According to (2.9), the estimated variance s.2 of X ,,.(t) is given by the eetl-
mated variance s2y,,, of Y,..(¢t), and by (2.5)

2. 11) 302=32ymn <_2 a/,;ﬁ‘/,) 857 (a0=1)’

.where s,2 is the serial variance, i.e. the estimated wvariance of X(t). This s2
gives the precision 'of interpolation, that is to say, the probability that the true
value of X (¢) should be contained.in «*(¢) & d.s..is approximately given by
2.1 —=— z dg,
@1 vera IR
When X(¢) is a statmnary Gaussmn process, it is beheved that a 11near esti-
. mation such as (2.10) may have optimum properties. (O

3. The case of autoregressive process
The variation of a nieteorological element X(¢) may, in most cases, be as-
sumed to be such that the probabilistic prOperties is totally determined by the
process in the past finite interval of time. Such a process is mathematically de-

(4) While Y p(t)—>Y (¢) when m,'n—>lo?‘,b_Y( 1) is not non-autocorrelated, and so the theo-
ry of i nterpolation is more complicated than in the case of extrapolation.
(D) cf H.B.Mann and A.Wald : On- the-Statistical Treatment of Linear Stochastic Differ-

ence Equatlon, Econometrlca, 11, No.3, 4 (1943).
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scribed by an autoregressive stochastic process, i.-e.
(3. D). X (P X (E=DFeorint 0 X (E—R)=Z(t)  (pa=0),
where Z(t) is of non- autocorrelated and is also uncorrelafea with X (t=k)(k=1,2,
------ ), and where h is said to be the order. of the process In this case, the auto
correlation coefficients of X (¢) satisfy the followmg f1n1te ‘difference equatlons ’
3. 2 0501 08~ 1+ """ + Dy 0p-n=0 (10 1 2 )] ‘
Theorem 1. Let be (t) be an autoregresswe process of order h. If m >h
and »>h, then
(3. 3) g men,—'d Yhi 3
in other words, the observations at any instants more .than h units of time apart
need not be taken into conSIderatmn
Proof. Using (3.2) and ‘ » )
B GA)) - 14 pipgtereees +paon=0r/0=£3,
we get '

4

 A(mAn)y=A@R) (B (ACR=ARARY),
Am,nzdh,b(,@)mi-a:-m. o

which combined with (2.4) gives (3.3).

Theorem 2. .
(3. 5) Py =02 (L pleee 4 pi®)

— 1+ pipgteeeee ~+ P s '

3.5/ = 1 2.

( ) 1+p12+ ...... +ph2 o

In the case of extrapolation of X(¢) by X(t—k)=gz:_p (k= 1,2, e ),
we have

”2Yh0=(1+10101+""4"+]9n01;)0'z2,
50 the precision of interpolation is better than that of extrapolation.
Proof. a
(3. 6 ) 4(2h) = A(h—1)(&*)P*1
and since p,=+0, Co :

1
0= s g gy — e — D~ 107c+1 (k By h—1, -eeees L1, =1, e, —p=1),
Pr P, V7 o .
1 ., 1 P1 Pr-1
pp——ki=— Ll g e —&£821g, + (for k=—h). -
P op, Dy Py Py ~
Hence

dpp=p,24(2n—1) +E24n,n-1— p2(K2)"4 (h 1)-'—'624n,n 1
Similarly, if p,=+0 (=12, ,h—1),
 dpp-1=p,2A2R—2) + K2y, - 2—_’P“a 1(52)/‘ 1A(h 1)+ﬁ724/n,h 2

Aim:17124(h)+524h,0=}71?’524(h—1)Jr"i?d(h—‘l)-
‘Therefore : .
3.7 ' dpp=d(h— 1)(&2)"(1+p12+ ------ + 22 .
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From (3.6) and (3.7) we get (3.5): o
If p,=0, then 4, .=4,,;,., £* and (3.5) and (3. 5') are true in this case too.
Corollary 1. If »<h, then :
3. 8) ‘ =02 (L pieceess +pa%)
This may be employed in interpolation for any instant W1th1n h units of time
after the hour of the failure of observation.
Corollary 2. If 0<m<h, 0<n<h and m+n>h, then

2 —_ 2 2 Lieesss nyb—m—~1 -2
L /{ p h—m+l+ +]3 h—m+_d(h_l) K }

3. 9
= - 2 e +_m 2
—0'22/{ Ph-n+t .p h—n A(b/ 1) K }

where I=m-+n—Aa, ,
4. The case of simple Markoff preecess
In this section, we consider the special case in which A=1, but let us assume
that the time intervals are not necessarily umform The autocorrelation coeffi-
cient, in this case, is given by

4. D =0  (Jo|<1D)
and the equation corresponding to (2.2) is reduced to
4. 2 X (t—r)+X () FasX (b +1)=Y () (1, 72> 0)

From this, by the method of least squares, we get

O+ pT 10071172 = 0,
@ 3 { 101+ azp .
L ayp°1* 724 p 2 tay=0.
Hence
— " 1(1—p%2)
= ‘f’*;ﬂmfw ’
4. 4
—_ 1'2(1___ 271)
. 2= 1p-- SICTESNN
Besides,
(4. 5) (@101 14+ag072) 0,2 = gy
and so ;
4. 6) oyr=1= 2"1)(1 072

1—p2C+72)
The interpolation formula is, then,
“. D *(t)—-—alw(l‘—n)——az"o(t—i—rz)
and the precision is given by the estimated value of (4.6);
4. 8) sp={Tr™OA—rT) o

1—2C T
Especially, if p>1(+—> 1), then

T .
2 T—lg ™~ 71

k4 2 T
T1+ T2 Tty

ay? ~ 0 (1—p)

—0y ~.
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and (4.7) may be reduced to the formula of proportichal division. '
5. The case of vector process '

Let us consider, for the sake of simplicity, two-dimensioﬁal vector process .

( X.(t)
X(1)=| )

‘ CX ()
Corresponding to (2.2), we put, with matrices

. au®  a g |
aac.)=( (=1,2;ee000),
N g ) g /i ] ;
(5. D aCMX (E—m) e F O X (f)feereee +aX (t+n)=Y(1),

where ‘ :
(1°) if we want to interpolate only one component of the vector, X,(t) (the
value pertaining to one station), we put
1 01112(0)
aw—( .
2 1/

especially, in the case of the problem (b) of §1, we put m=n=0;
(2°) if we want to interpolate the whole componeénts of the vector X (&)
(-pertaining to the whole system of several stations), we put
1 0

(5. 3) a<°)=(0 1).

The coefficients a®’ s are to be determined by the method of least squares.
Using the estimates of those coefficients, the interpolation formula is given by

G 2)

5. 25 (1) =(aO—TD)e(1)— 3V a® o(t+k),
k=~—m

where I stands for the unit matrix. The precision of this interpolation may be
given by the (estimated) variance of the component of vector Y (¢).

If X(t) is the vector autoregressive process of order h, it satisfies the follow-
ing equationg : ¢®

(5. 5 POX()FpDX(t—1) e L pDX (£ —h)=Z (1),
(. 5/) q(°)X(t)+q(1)X(t+1)+---°--+q(")X(t+h)=W(t)’
where p’s and q’s are matrices (especially p¢ =g for one dimensional case), and
1 0 1 0
po=(t %), o=t )
o 1/ ! 0 1

and where Z(t) and W(¢) are non-autocorrelated, Z(¢) is uncorrelated with X (¢
—k), and W(t) is uncorrelated with X(¢+k), (k=1,2,+-.:). Besides, the autocor
relation matrices

' YR LIN
plc=< ))
2t 2/

(6> M.Ogawara: On the analysis of vector time éeries, Tokei Stri Kenkyid (Bull.- Math.
Statistics), 8, No. 1 & 2 (1949).
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where p,ﬁf=E{Xg(:t')‘Xj(t"..—.lc)}/‘aia'j; are such that

(5. 6) S AT PR SRS FpPp_p=0 (=1,2, »
(5. 6%) PR ICOPY ST FqWplyn=0 (k=1,2,),
where o’ is the transposed matrix of 0. For k=0, we have '
5. 7D Do+ PPyt pWp =1,
(5.7 00’ FqW ! Lyfoerees +pWpl_,=u,
where : .
(5. 8) u= (EZLOZLAD) ) vz‘(E{Wiu‘)Wj(t)} )
4 0;07F o 03 0]

o is the variance of X(#); Z;(t) is the ith-component of Z(¢), and so’on.

Theorem 3. The determmant of uis equal to the determinant of v; det(x)
"det('v) :

From this follows:
Theorem 4. In the case (1°), the variance of the compor'ent Y (t) is given by

._A(m+n) _. 4(2n) : '
(5.9 oy,t= o P " 0z (m <k, n=h)
and in the case (2%),
o a 4@ o '
(5.10) Gyitayg= AT o) APCR; o (< b, 0w <R,
A oon A pp
where
’ A(m+n)=| pot 0012 veerrens 0ot 'D;mlz“""p?‘—(m+n>'0,12~(m+n) A :
0o% Pg%2 wruseess om0 0P iy 0P
")";11 'pmlz ......... bon (',012 ...... ",_nu 0,2
(5.11) , ,
_QWZI .0m22 ,,,,,,,,, POZ] 0022 ,,,,,, ‘.)-—71.21 . ;p_”22
bﬁm‘tn' D12 e bnu ‘ ‘0@12 ..... 7!}()11 ‘0012
pmmﬂl pzzmﬂz """ 09}21 01»22 ceneer pOZI . : .0022
and 4/,,, stands for the minor of 4(m++n) obtained by deletmg the rOw p,lt, ceore
0-,'% and the column p_, 1,4+, 0,2, 4D(2h) is the same as 4’4, 4(2h) is the
minor of 4(2k) obtained by deleting the row p,2!,----+,p_,22 and the column p_»'%,
------ s 0422, and lastly 4/, is the mmor of A(Zh) obtalned by deleting the middle

two rows and the middle two columns
6. Summary .

We-have derived the- formulae ((2 10), (4.7), and (5.4)) to be used for per-
forming stochastic interpolation with a linear approach when one observation was
omitted on an occasion, together with the formulae ((3.5), (3.8), (3.9), (4.8),

" (5.9) and (5.10)) to give the accuracies in various cases,

In cases when several successive observations are omitted, stochastic 1nterpola-
tion of those values may also be.treated in a similar manner. R

In practical apphcanon of our formulae, it is necessary to calculate the para--
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meters involved in thoese formulae (interpolation constants) for each station. The
calculation may be .laborious, -but when once we-have: prepared them, the inter-
polation would be easily performed at any time. The example of such calculation
will be published some day. Problems of testing statistical hypothesis concerning
the interpolation constants are left in future.



