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. Abstract ‘
, By assummg the law of conservatlon of absolute angular
momentum in the travelling atmospherlc vortex with vertical ax-
is, it is shown that the vortex moves with the same speed as that
"-of ‘the general curreént in which no vertical shear exists. Also
" in 'tﬁ_e' case of a general current in which there exists-the vertical
~shear, a formula of the movement of the vortex'is obtained.

1. Introductmn .

Hitherto, a great many emplrlcal Iaws cencermng movements of such atmos-_
pheric vortices as typhoons have been knewn' but no satisfactory dynamical study’
of them has been done. C,G,Rosby recently gave the dynamical relationship be-
tween the displacement of atmospheric vortices and the rate of variation of the
Coriolis’ parameter with latitude. Inthis paper we shall attempt to explain dynami-
cally the movement of atmospheric vortices in terms of the properties of a general
current.

2. Bar@tropi_q_gei‘l.eralv.(;uryrent and moevements of atmeospheric vortices

We shall consider a simple vortex in which, air: spins around a vertical -axis
and pressure: may be regarded as a functien of r, the horizontal distance from the
axis. We shall first give a general consideration. A rectangular system of coordi-
nates X, y and z will here be introduced, with x increasing eastward, y north-
ward and z vertically upward. If the corresponding velocity: components are de-
noted by u, v and w; density: by p, pressure by P, angular velocity of the earth’s
rotation by w, and geographical latitude by ¢, the Eulerian equations of motlon
become
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where A=2wsing and {=2wcos¢, which will here be assumed to be constants,
The equation of continuity for an incompressible atmqsphere becomes

or 8y os »
If we denote an arbitrary system of stationary solutions satisfying the equations
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(1) and.(2) by - - " wt
{u;—-‘f(x,y,z), v=g(z,,2), w=h(z;y,2)
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P=¢(x,y’z)
then
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From (3) and (4), we can formulate a system of solutions sat1sfy1ng the equations
(1) and (2) as follows, .

=fo~Ut, 9, )+0 .. . - .

v =g('t—U;£ v, %) B -

w= h(:z,—Ut, Yy, z) o : - “ - -

‘—<p('z,-—Ut Yy, 2)— pZUJ+ple+const
where U is an arbitrary constant and —p/lU J+ple+const may be regarded as the
pressure corresponding to the constant wind speed U of a zonal current in the west-
east direction. It will be seen from (5) that a stationary system of winds (3) ma&
move with the same speed' U as. that of the zonal current in the west-east direc-
tion. ’ - ’

If we now omit the vertical component of the Coriolis’ force and the hori-
zontal component of the the Ceriolis’ force ‘involving w, also in the case where 1
is not a constant but a functlon of y only, we shall be able to. obtain a system
of solutions as follows, o - o T

w=f(z—Ut, y, 2)+U

v =g(z—Ut, y, 2) . -_‘.
w=h(z—Ut, 9, 2) |
P=¢(z—Ut, v, z)—p?gy/ldy-kconst.

from which we can also obtain the same result as above.

From the above general result, we can infer that a stationary vortex of atmos-
phere may travel with the same constant speed as that of a-zonal current. But we
shall next discuss this problem from a different point of view. 4 will again be
‘assumed to be constant. And the laW of conservatlon of absolute angular mometum
‘will be assumed to be valid, also in the travellmg vortices with vertical axes
corresponding to travelling circular isobaric systemg,__ while it is well known to
be valid in the staying vortices with .vertical axes corresponding to staying cir-
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cular lsobanc systems. The Lagrangian equations of motlon for the x and ¥ compa-
nents may now be expréssed ini the form. . - Pl LTl
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where the horizontal component of the Coriolis’ force involving w is neglected. If
we denote the x-and y-coordinates of the center of a vortex with vertlcal axis by

X(t) and Y (¢), which are functions of t, the ahsolute angular momentum around
the moving center will ‘be expressed in the form :
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From - this we get
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If we substitute the equations (6) in the right-hand side above, we shall obtain ‘
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And if the laW of conservatlon of absolute angular momentum is assumed to be
valid, we shall obtain

aM

2 =0

that is ;
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If now we omit the vertical components of acceleratlon and Corlohs’ force, We
‘may replace the equatlon of motion for the z component by the hydrostatlc equatlon
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thom this, (8) becomes-. e
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where a= + Y and p=219Y If 'we regard (9) as a pdrtial differential

d 2 dt dt2

equation for P, the characterlstlc equat1on of it w111 become

de  _ - .dy gdz R AR T
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The integrals of this equation are as follows.
. 9*=1/(a, X )i (y— Y)Z—const
C—bw—ay—g&—const ’
The general solution of (9) will therefqre become
P f(T: C, t)
where [ is an arbitrary function.

From the above general solutlon and the hydrostatw equatlon, we get, assuming
¢ to be constant, :
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From this, we obtain :
f(r & )=08+¢(r, 1)
that is,

where ¢ is an arbitrary funetion of ¢‘=»1/(boe—X Y2+ (y—Y)2 and t. ‘Wé may heré
regard the first term as the pressure corresponding to the Vortex and thé remaining
terms as that corresponding to the gemeral current. In this case, assuming the
geostrophic wind, the x-and y-components. of the wind speed of the general cur-
rent will become v
1 By dx
U= rre Y TCRrTa dt
__lax dy o L
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It should here. be remarked that the law of conservatlon of absolute angular mo-
mentum around the center of a rnovmg vortex can be derlved from the Eulerzan
equations of motion for the pressure (10), that is '~
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where X (i) .and Y(t) are given functions .of tand pisa function of r=y/(z—X)?
+(y—Y )% we shall next cons1der the followmg several spec1a1 ca,ses
i), The case of X(t) ct and ¥ (¢)=0 (¢=const. )
From the above general theory, in thls_ case, we get
{ P=¢(r, t)=pAUy—pgs
U=e¢, V=0 '
where r=4/(z—ct)*+y%. It will be seen from above that the vortex moves with
the same speed as that of the general current
ii), The case of X(t)— tZ and Y(t) at (a-—const .
In this case, we obtain
{P o(r, t)—pal’ty—pge -
‘U=lat, V=0

Wheré r =J(x—22i t2)2+(y—at)2 .

“The general current is zonal but its speed changes with time, and isobars.cor-
responding to it are in a definite direction but the pressure gradient changes with

_al

time. And the vortex moves along a parabola < 5

-2, Y= at) crossing the
isobars of the general current.
3. Baroclinic general current and movements of atmospheric vortices

In the case of a baroclinic general current in which there exists the vertical
shear of the zonal wind, the above theory can not be applied. In this case, it is
difficult to obtain a 'satiéféct'ofy ‘theory coni:erning movements of vortices, but we
shall here attempt to consider this problem. o

- Let the general current be expressed in the form .
u=U(z), v=w=0
‘From ‘the 'hydrostatic'eqationla—P-l-g—O and the equation of state P= oRT, we

get the pressure at the height of z in the form
9 (H e

(12) P::PHQR S‘ r

If it is assumed that above the height z=H, no perturbation exists eXept a gener-
al current, Pz may be regaded as a functwn of y only. If z=uz, and Y=% are
the coordinates of the center of a vortex, “from (12) we shall obtain

a (‘a‘;)o:l’ ). ,(—ay(zlv-))od»z-FO



1950 ’ Dynamics of the Mevément of Atmospheric Vortices 43

where we denote the values at z=g=, and y=y, by ‘the subscript 0. We assume that
as soon as a temperature distribution at each level moves with the speed K (z),
which appears to depend on the general current U(z), frictional resistance and
others, new pressure distribution is formed in accordance with (12), and corre-
sponding to this new pressure distribution, the temperature distribution is more-
over renewed, and so on. Thus, startmg from d1str1but10n (12) at t—to, the
pressure P;; at t—to+8t becomes

b4 dz
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1f we neglect the 'hi'gh'er'o'rder of ot¢,
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“Therefore,
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Thus, if the center of pressure at the height of z changes from (z,, yo) to (20-F+
6“’; :llo),

(61’&)“%”’0..__0

6w y=Y

From (14), expanding in the power series of oz, we get

I [(6;:;(T)+a(azz(—))+ ..... X
_Kat{(am2 (1)) +6( (T))+ ...... }]dz:O

1f we neglect the higher order of dx and &¢, we shall obtain

{( oz (T)) +oo (6:&2 (“)) (w ) }dz—

From above and (13), we get

(amz(T))dz ’”I (5w (T>d3~
e )/ )

which represents the speed of the movement of the center at the height of z.
Espec1ally when K(2)=U(2), we get

as rf u(E (7)) /f (&(F)a 5
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If we .assume U(z)=Uy(const. ), we shall get . .. '

‘0
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which agrees with the result in section 1.
In (15) -or (16), thé spéed of the movemert of the center at each level may

vgeneralljr be diffefeﬁt. But,‘ fdr insténcé, when ( g; (%)) #+0 and U(2)=T, fof the

. K 0 k
interval a <2< B, and (%(%))=0 and(U(z») is grbitrary for the othgr inter-
vals, it will be seen from (16) that the speed of the movement of the cnter at all
levels is equal to U;. And we may consider that if the speed of the movement of

the center at each level is different, the vortex will 'be; destroyed.
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