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We investigate a singular Poisson bracket which appears in Hamiltonian fluid
mechanics. It is shown that we can get the most general Casimir for such systems by
solving the functional equations which correspond to zero eigenvalue equations.
Especially, in the case of a three-dimensional adiabatic perfect fluid, the most general
Casimir is shown to be the generalized enstrophy only.

Hamiltonian, fluid mechanics, singular poisson bracket, adiabatic fluid, poten-
tial vorticity, Casimr, generalized enstrophy.

Recently, Hamiltonian fluid mechanics, Casimir can be obtained only by solving the

which is the application of the Hamiltonian
field theory to fluid mechanics, has been devel-
oped.” One of the most useful applications in
such a theory is to analyze the stability of the
fluid system.? This method is called the
energy-Casimir convexity method, and it is im-
portant to know the Hamiltonian structure,
especially the Casimir invariant, of the given
system to apply this method. In this sense, it is
important to know what the most general
Casimir of the given system is.

In the case of the Hamiltonian system with
finite degrees of freedom, we can determine
how many Casimirs exist in the given system
simply by considering coranks of the Poisson
matrix. This theorem is shown by Littlejohn.”
However, in the case of the Hamiltonian
system with infinite degrees of freedom, such
as the fluid system, the dimension of the
Poisson matrix becomes infinite, and then we
cannot define the corank of such a matrix.

The purpose of this paper is to show how we
can expand the Littlejohn theorem to the field
theory and obtain the most general Casimir of
the system. It is shown that the most general

3JP(y,2)

567 00) +J4¢(x, »)

de <JAB(x, u)

Condition (B) is automatically satisfied own-
ing to the form (1).
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functional equations which correspond to zero
eigenvalue equations.

.The Poisson bracket which we are discuss-
ing is constructed by Eulerian fields only and
has a noncanonical form. It can be obtained
by projecting the canonical bracket of
Lagrangian fields to the space made by
Eulerian fields.? It has (A) bilinearity and anti-
commutativity and satisfies (B) the Leibniz for-
mula and (C) Jacobi’s identity which is
inherited - from the Lagrangian canonical
bracket. Generally, we can denote such a
bracket as

oF oG
3% (x) 3¢ (y)’
)

where F' and G are functionals of the fields
¢4 (x), 0F/8¢“(x) represents functional de-
rivatives, suffices A4, etc. represent species of
the fields and repeated indices must be sum-
med. Condition (A) requires

J4E(x, y)=—J"(y, x), ()

and condition (C) requires

{F, G} =§S dx dyJ4E(x, y)
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The Casimir C is defined as the functional
which satisfies
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{F, C}=0, 4

for any functional F. Then it must satisfy the
equation

S dyJ*E(x, y) 0. %)
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To construct the Casimir C, let us consider the
equation

S dyJ“8(x, ) Bs(»)=0. (6)

This equation corresponds to the zero eigen-
value equation for the Poisson matrix. To con-
struct the Casimir, let us consider the varia-
tional equation

Q”‘E§ dyB3() 36" () =0, @

where we have denoted suffix « to distinguish
independent solutions fSz(y) of eq. (6). These
equations can be integrated, as we will show in
the following.

As is shown in the Appendix, we can extend
the usual theory of differential forms and the
Frobenius theorem to the field theory. Note
that in the field theory, variation plays the role
of a differential. Now, let us consider the vec-
tor fields

X4(x) =S dyJ*8(x, ) ®)

J
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They are orthogonal to the Pfaffian form (7).
In fact, from eq. (6), we have

<@, x4 (X)>=S dyJ*(x, ») B5(»)=0. (9

Then the vectors (8) are systems of the
generator of the Pfaffian form (7). We can
show that these vectors are also complete
because

[X4(x), X°(2)] =S duC5°(x, z, w) X (),
(10)
with
oJ1¢(x, 2)
o) ’
are satisfied owning to eq. (3). Then, by the
Frobenius theorem, eq. (7) is integrable. It

Coo(x, z, u)=

(11

also requires that there exist one forms 6%
which satisfies

0QY=03AQ°F. (12)
However, for Q2% we have
[ w A B
o —ﬁdxdy 56" (x) 0o (X)NIB®(¥). (13)

Unless 685(y)/ d¢*(x) can be expressed as the
product of functions of x and y, we cannot
write 022 as eq. (12). However, the solutions
B%(») are constructed by the fields ¢€(y) and
their derivatives, and then &8%(»)/d¢” (x)
must contain d(x—y) and their derivatives.
Thus, we cannot rewrite them to the products
of functions of x and y. The only method to
harmonize these facts is to demand 63 to
vanish. This means eq. (7) is directly in-
tegrable.

Next, let us consider the concrete example
of a three-dimensional adiabatic perfect fluid.
In this system, the dynamical fields are veloc-
ity u’ (i=1, 2, 3), density p and entropy (per
unit mass) S. The independent Poisson
matrices are given by*”

Ji —_1_. (%_%) S(x— 14
(X, y)_ P) axi axj (X y), )
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JO(x, y)=—7=0(x—y), s)
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Then eq. (6) for this case is given by
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o (31'“""3114')[31—3:‘[3@)4'7 9;S-Bs=0, (18)
Biﬂi=0, (19)
0;S-Bi=0, (20)

where we have denoted Bz as (S B, Bis))-
From egs. (19) and (20), 8; can be expressed by

Bi= Eijk 3jf 0 S, (21)

where f is some function. If we use this rela-
tion in eq. (18), we have

1
> (&ijx 0jur0: f+ Bis)) dS—qd f—d =0,

(22)
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where q is the potential vorticity and defined
by

qs% Eijk0jUx 0;S. (23)
If we define functions y and « by
PY = &ijk 0juxc 0;.f+ Bis), (24)
a=p,t+qf, (25)
eq. (22) can be rewritten by
da=fdg+ydsSs. 26)

It is easy to see that the most general solution
for eq. (26) is given by

a=F(q, S),
J=Fy(q, S),
y=FS(q9 S)3 (27)

where F is an arbitrary function of ¢ and S,
and F, represents dF/ dq, etc. From these solu-
tions, we have

Bi=¢€ijx0,F,0,S,
Biwy=F—qFg,
Bis)= —&ijx;ux 8;Fy + pFs. (28)

Then, it is easy to integrate eq. (7), and we
have

Q=5Sd3pr(q, S). (29)

Then the most general Casimir for this system
is [ d>xpF(q, S) only. Note that we can still
always generalize any Casimir C as G(C) with
G being an arbitrary function.

Now, let us consider the perfect fluid
without entropy. The Poisson matrices are the
same as the case with entropy except that the
entropy components are absent. However, in
this case, eqs. (6) and (7) give the most general
Casimir with the form

Sd3x(claijku,~6juk+c2p), (30)
where ¢; and ¢, are arbitrary constants. Then
we have lost the arbitrary function in this case.
In this sense, for the three-dimensional perfect
fluid, whether entropy (or some quantity
which conserves on fluid particles) exists or
not is very crucial for Hamiltonian structure.

e AR

In contrast with the three-dimensional case, it
is now easy to see that a two-dimensional
perfect fluid® has the general Casimir with an
arbitrary function regardless of the existence
of entropy.* However, the number of ar-
bitrary functions is reduced when the entropy
is absent.

The author is grateful to Professor T.
Kimura of Hiroshima Prefectural University
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A Frobenius Theorem in the Field Theory

The Frobenius theorem” demands that the
following system of Pfaffian equations w
(i=12,---,nand a=1,2,---,5(<n))

w*=a%(x) dx'=0, G1)
can be integrated if (i) there exists one form 6§
satisfying the equation

dw*=05Aw?, 32)

or (ii) the system of generators A (w) which are
defined by

A)={XKw* X>=0, a=1,2, -, s},
(33)

is complete: i.e., there exists function C%,
which satisfies

X, Xu]1=ClL X, (34

for any element X;, X, e A(w).

We can consider the field theory as the limit
of the discrete theory. To do this, let us con-
nect the numbers ¢; (i=1, 2, -+, n) and the
function ¢(x) by

= (x:), 35)

where x;=a+iA and A=(b—a)/n. Then, we
can treat the variation of the function ¢(x) as
the limit of the set of differentials for the
variables ¢;. For example, the functional
derivative can be defined by

Salo(N_ 1 da(", ¢y )

= s 36
06(y) A by 36

* In the case with (without) entropy, the most general

Casimir can be calculated as the three-dimensional case,
and it is given by |[d*h(pF(S)+K(S) (] d*xhF (p))
where # and p are the depth of water and the two-dimen-
sional potential vorticity, respectively, and  and K are ar-
bitrary functions.
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where i(y) represents the number which
stisfies x;,y=y. In this way, we can treat a
variational problem as the limit of a differen-
tial problem and then we can expand the
theory of differential forms into field
theories.”® We shall denote the differential
form by J for field theories.
Now, let us consider one form,

W=, A Al (e by o) dé?. (37
The integrability conditions for the Pfaffian
system @*=0 are given by the usual Flobenius
theorem. The one form (37) converges to

b
w‘“:S dxA5(x)[6()10¢” (x), (38)

as n tends to infinity. Then, the integrability
condition for w®=01is given by the same condi-
tion as that for @*=0. Condition (i) does not
change the form, but we must change the
differential to the variation. Condition (ii) also
does not change the form, but we must expand
the inner product of the form with the vector
field for the field theory. We must define it as
{0¢%(x), 6/ 0dp(y)>=0ap0(x—y), if we con-

sider eq. (36) and the correspondence of
6,/ A to the delta function. Then the vector
fields take the form

t b t 5
X —Sa dxB5(x)[¢()] 56,00)° (39)

and the orthogonal condition for w® takes
b

<w“,X’>=§ dxA3(x)B4(x)=0.  (40)
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